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Abstract. In this paper, we compare three different styles of Higher-
Order Unification (HOU): the classical HOU algorithm of Huet for the
pure A-calculus in de Bruijn notation, the Ao-HOU and the As.-HOU
algorithms for calculi of explicit substitutions. In this comparison we
formally show that the Ao-HOU and the As.-HOU algorithms are gen-
eralisations of Huet’s algorithm, and we formally describe the relation
between HOU via the Ao- and the As.-styles of explicit substitutions. In
particular, we translate properties of Huet’s algorithm to the language
of the A-calculus in de Bruijn notation and show how the SIMPL and
MATCH procedures, which form the kernel of Huet’s algorithm, can be
conceived as particular strategies of the inference rules of unification via
explicit substitutions calculi. For doing this, we introduce a new notation
called unification tree which eases the presentation of Huet’s algorithm
as well as the computation of the solutions.

Keywords: Higher-Order Unification, Calculi of Explicit Substitutions.

1 Introduction

Almost thirty years ago, G. Huet [Hue75,Hue02] gave the most successful and
largely used Higher-Order Unification (HOU) semi-decision algorithm. The ker-
nel of Huet’s semi-decision algorithm consists of two procedures called SIMPL
and MATCH used for dealing with the so called rigid-rigid, and flexible-rigid
equations, respectively, and its practical success is based on the observation that
flexible-flexible equations always have solutions and consequently (for deciding
whether a problem is or not unifiable) it is not necessary to explicitly present
all possible unifiers. The undecidability of the HOU problem notwithstanding,
Huet’s method behaves well in practice and that is the main reason why many
of the modern computational systems which use HOU are based on this method,
such as AProlog, Isabelle/HOL and Twelf and why this algorithm has been ex-
tended to several higher-order equational theories [Dow01].
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2 F.L.C. de Moura, M. Ayala-Rincén and F. Kamareddine

The most promising alternative for treating HOU problems is based on ex-
plicit substitutions calculi and was developed over the Ao-calculus almost ten
years ago [DHKO0O]. This alternative method has been shown to be of general
applicability for other calculi of explicit substitutions such as A\;, [ARKO01]. The
formal basis of some programming languages such as AProlog is based on explicit
substitutions. This makes it more coherent to include HOU strategies directly
over the associated language of explicit substitutions instead of implementing
programming languages which include HOU strategies based on Huet’s algo-
rithm. Essentially, HOU via calculi of explicit substitutions consists of: firstly,
precooking HOU problems presented in the language of the pure A-calculus in
de Bruijn notation; afterwards, these problems are resolved as first order unifica-
tion problems modulo the equational theory which defines the calculus of explicit
substitutions; and, finally, the solutions are translated back to the language of
the original problem (see Fig. 11). Therefore, the main advantage of the use of
explicit substitutions to solve HOU problems is that the substitution operation
becomes a first order substitution (called grafting) and the higher-order substi-
tutions which are solutions of the original problem can be obtained by applying
the inverse of the precooking translation to the generated graftings, i.e., to the
solutions of the precooked version of the original problem.
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Fig. 1. HOU via calculi of Explicit substitutions.

! This figure comes originally from [ARK03]
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In [DHKOO] it has been noted that the Ao-HOU algorithm is a generalisation
of Huet’s method, but no complete formalisation was provided. In this paper we
show that Huet’s algorithm can be simulated by adopting an adequate strategy
of the inference rules defined by the Ao-HOU algorithm and, in this way we
formalise that the latter is a generalisation of the former. To do so, we intro-
duce a new notation called unification tree which simplifies the presentation of
Huet’s algorithm and eases the computation of the solutions. This notation is
independent of the grammar used in the A-calculus and can be used also with the
A-calculus with names. We present the As.-HOU algorithm with a more compact
but equivalent set of rules to those presented in [ARKO01] and, finally we compare
the Ao- and As.- styles of unification. As in the original paper [Hue75], we con-
sider unification in the simply typed A-calculus with and without n-conversion.

In section 2 we give some basic definitions and a brief presentation of the
explicit substitutions calculi treated in this paper. In section 3 we define the
unification tree notation which is used to describe Huet’s algorithm. In section 4
we formalise the relation between Huet’s algorithm and the Ao-HOU algorithm.
In section 5 we describe the A\s.-HOU algorithm and then, in section 6 we for-
mally compare the Ao- and As.-styles of unification. Finally, in the last section,
we conclude and give directions for future work.

The current version contains, in detail, many technical proofs for the benefit
of the referees which can be either omitted or sketched in a final version of the
work.

2 Simply typed A-calculus

We start this section with some basic definitions and notations used in the
paper. For a more detailed explanation about the simply typed A-calculus, de
Bruijn notation, Ao-calculus and As.-calculus see [Bar84,dB72,ACCL91,KR97],
respectively. We represent bound variables and constants by de Bruijn indexes
which range over N = {1, 2, ...}, and free variables (or meta-variables) by capital
letters X, Y, Z, ... which range over the set X. This separation of variables in two
different classes will be important for the unification methods considered here.
In fact, bound variables and constants are not concerned with the unification
process and the meta-variables will play the role of the unification variables.

Definition 1. The set Aqp(X) of untyped A-terms in de Bruijn notation is
defined inductively by:

ax=n|X|(abd)| Aa where n € N and X € X.

The syntax of simply typed A-calculus in de Bruijn notation is given by

Types A:=K|A—B
Contexts I :=mnil | A.T
Terms ax=n|X|(abd)|Na.a where n € N and X € X.

The type of the term a is indicated by 7(a).
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Definition 2. The updating functions U} : Agp(X) — Aqp(X), for k >0 and
1 > 1 are defined inductively by:

(@) Ui(X) =X, for X e X (b) Ui(a b):U,i(a? U,i(b).
(¢) Ui (\aa) = Aa.Uj 1, (a) (d) Uj(n) = {?71_1 A

Definition 3. Let a € Agp(X), i € N. The term a™, called lift of a, is defined
by at = a™Y, where at? is inductively defined by:

(a) XT' =X, for X € X (b) (ab)t =af bJ"
+i— +(i+1) vi_ o+l ifn>i
(¢) (Ma.a) Aa.a (d)n {27 ifn<i

Definition 4. The application of the substitution of b for n € N on a term a

in Aqp(X), denoted by a{n/b} is defined inductively by:

(a) X{n/b} = X, for X€ X () (ar az){n/b} = (ar{n/b})(az{n/b})
n—1, ifm>n

(¢) (Aa.a){n/b} = Aaa{n+1/b"} (d) m{n/b} = ifm=n

m, ifm<n

S

Definition 5. Let 6 be a valuation (i.e., a function) from X to Aqp(X). The
associated substitution 6 is defined by the rules:

(a) X0 = X0 (b)nf=n (c) (a b)d = ab b (d) (Aa.a)f0 = Aa.(aBT)
where 07 = {X1/a],..., Xp/at}, when 0 = {X1/a1,..., Xn/an}.

In the A-calculus, normal forms and 7-long forms play an important role:

Definition 6. 1. Every A-term in 8-normal form (B-nf) has the form
/\A1 /\An(h €1.. .ep)

where n,p > 0, h is a variable (or a constant) called the head of the term
and e1,...,e, are A-terms in B-nf called its arguments. The Aa,,..., A4,
are the external abstractors of the term and the sub-term Aa, ...Aa,.h is
its heading. The head of the term h is said to be bound if it is a de Bruijn
index, say k, with 1 < k <mn, or free if it is a meta-variable; the head h is a
constant if k > n.

2. A X-term in (B-nf is rigid if its head is a constant or a bound variable. Oth-
erwise, i.e., if it is a meta-variable, the term is flexible.

3. Let a € Agp(X) be a A-term in de Bruijn notation of type Ay — ... —
A,, — B with B atomic. The n-long form of a B-nf term a, written a’, is
inductively defined as follows:

—ifa=MAa.b thena = Xa.b.

—ifa=(@b1...by) thena = A4, ... A4, .(n4+mer...cqm'...1"), where
¢; (1 <j <q) is the n-long form of the normal form of U(’)”H( i)

—ifa= (X br...by) thena = Aa,... 24, . (X c1...¢cqm'...1"), where
¢; (1 <j <q) is the n-long form of the normal form of Ugnﬂ(b-).
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2.1 The A\o-calculus

The A-calculus is based on a notion of substitution that belongs to a meta-
language. Such a notion is necessary because the substitution process adopts
renaming of bound variables in order to avoid variable capture. A natural so-
lution to define a substitution which belongs to the language is to extend the
language and turn the substitution process explicit. The first mechanism that ex-
plicited the substitutions was the Ao-calculus [ACCL91] that we briefly present
in the following. The rewriting rules of the Ao-calculus are given in Table 1.

(Beta) Aa)b — a[b-id]

(App) (@ b)ls] — (als]) (o [s)
(Abs) (Aa)ls] — MalL-(so1)])
(Clos) (a[s[t] — a[sot]
(VarCons) lla-s] —a

(1d) alid] — a

(Assoc) (sot)ou — so(tou)
(Map) (a-s)ot —alt]-(sot)
(1dL) idos — s

(IdR) soid — s

(ShiftCons) lo(a-s) —s

(VarShift) 1.7 —id

(SCons) — 1[s]-(Tos) — s

(Eta) A(al) — b if a=,0[]

Table 1. The Ao Rewriting System with Eta-conversion

Definition 7. The syntaz of typed Ao-calculus is given by

Types A:=K|A—B

Contexts I':=nil | AT

Terms a==1]X|(ab)]|ra.a]als] where X € X
Substitutions s u=id| 7 |as]|sos

The typing rules are as follows:
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Al'ta:B
(var) Al'F1: A (lambda) TFoua A B
(app) I'Fa:A—- B I'Fb:A (clos) I'tspI" I"Fa: A
pp I't (ab): B I'tals]: A
(id) tidsT (shift) AT Fl ol
(cons) I'ta:ATkspI” ( ) Irt-s"vr”" ks’
cone TFass AT comp TFsos ol

In addition, to each meta-variable X we associate a unique type A and, we
assume that for each type there exists an infinite set of meta-variables with that
type. We add the following type rule for meta-variables:

(meta) I'H X : A, where I' is any context.

In this calculus, when a substitution s is applied to a term a we internalise
this as a[s]. Simultaneous substitutions are represented as lists of terms with
the usual operator cons (written as “.”) and an operator for the empty list
(written id which represents the identity substitution) and the operator T which
represents the infinite substitution 2.3.---. Although the Ao-calculus codifies
the de Bruijn index n as 1[1"71], for the sake of clarity, we will not use such a
codification.

Definition 8. Let a € Ay, (X). We inductively define |a|, the size of a, by:

—ifa=X ora=1thenl|a|=1
— ifa= (bc) then |a| = |b| + ||
— ifa=M\b then |a| =1+ ||
— if a = b[s] then |a|] = |b| + ||s]|, where the size of a substitution s, written as
[|s]], is inductively defined as:
o if s=1 ors=id then ||s|| =0
o if s =c.d then ||s|| = |c| + ||d]]
o if s=wuow then ||s|| = [[ul[ + [|v]]

The notions of Ao-normal form and Eta-long form in the Ao-calculus are
given in what follows:

Proposition 1 ([Ri093]). Any Ao-term in normal form is of one of the fol-
lowing forms:

1. X.a, where a is in Ao-normal form.

2. (aby...by), where a and b; are in Ao-normal form and a is either 1, 1[1"],
X or X|[s| where s is a substitution term in Ao-normal form and different
from id.

3. a1.--- .ap. 1, where aq,...,ap, are in Ao-normal form and a, # n.
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Definition 9 (Eta-long form [DHKOO0]). Let a be a Ao-term of type A1 —
. — A, — B in context I' and in Ao-normal form. The Eta-long form of a,
written as o', is defined by:

1. Ifa=Ma.b then a’ = X0

2. Ifa=(kbi...by) thena' =Xa, ... A, .(K+neci...cqn’...1), where ¢; is
the Eta-long form of the normal form of b;[1™].

3. Ifa = (X[s] by...by) then o' = Xa, ... A4, . (X[s'] c1...¢cq 0 ... 1), where
c; is the Eta-long form of the normal form of b;[1"] and if s = dy ...d,. T*
then s’ = eq.--- .e.. T¥T™ where e; is the Eta-long form of d;[1"].

2.2 The As.-calculus

The As-style [KR95] of explicit substitutions uses a philosophy of de Bruijn’s Au-
tomath [NGdV94] elaborated in the new item notation [KN96]. The philosophy
states that terms are built by applications (a function applied to an argument),
abstraction (a function), substitution or updating. The advantages of this phi-
losophy include remaining as close as possible to the familiar A-calculus. The
rewriting rules of the Ase-calculus [KR97] are given in Table 10.

Definition 10. Terms of the Ase.-calculus are given by:
Ase = n| X |AseAse | NAse | Aseo? As, | @};Ase, wheren, j,1>1, k>0
and X € X.

The typing rules for the As.-calculus are as follows:

I'n:B
(Var) AF}_lA (Varn) m
(app) I'ra:A—-B I'Fb:A (lambda) Al'ta:B
m
pp T'F (ab):B TFiaa:A—B

FZil—biB F<1‘.B.FZZ‘|—G,ZA
I'aoib: A

ng.szHl—a:A
I'yia: A

(sigma) (phi)

In addition, to each meta-variable X we associate a unique type A and, we
assume that for each type there exists an infinite set of meta-variables with that
type. We add the following type rule for meta-variables:

(meta) I'F X : A, where I' is any context.

Definition 11 (As.-normal form [ARKO3]). Let a be a As.-term. Then a is
in Ase-normal form iff:

I.ac XUN
2. a = (bc), where b and ¢ are Asc-normal forms and b is not an abstraction
of the form \.d
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(o-generation) (Ma)b—ac'b
(o-A-transition) (M.a)o'b — X.(ac"T1b)
(o-app-transition) (a1 az)o'b — (a10'b)(a20'd)
(o-destruction) no'b —  ppb if n=1
n if n<i
(p-A-transition) h(Aa) = A(phira)

(i0-app-transition) i (a1 az) — (pha1)(¢kaz)

) i n+i—1if n>k
(p-destruction) P — {7 it n <k
(Eta) A(al) —b if a=s, pab
(o-o-transition) (ac'b) ol c — (aciTrc)o' (bo? ™ He) if i< 5
(o-p-transition 1) (pLa)o?b — oo a if kE<j<k+i
(o-p-transition 2) (¢ha)o? b — @i(ac? T1b) if k+:i<y

(po-transition)  @h(ao?b) = (phir@) o (hya s 8) I G k41
(p-p-transition 1) ¢k (o] a) — ¢! (hr1-ja) if I+5<k

-p-transition 2 L Ja) — T g if I<k<l+j
p-p Pr\¥] ©1

Table 2. The Rewriting System of the As.-calculus with Eta-rule

3. a = A\.b, where b is a A\se-normal form excluding applications of the form
(c 1) such that there exists d with p3d =, ¢

4. a =bdlc, where ¢ is a A\se-normal form and b is a As.-normal form of one
of the following forms:
a) X b)do'e, with j < i or c)pid, with j <k.

5. a = ib, where b is a A\s.-normal form of one of the following forms:
a) X b)cold, withj>k+1or c) @{c, with k < 1.

Definition 12 (Eta-long form [ARKO03]). Let a be a As.-term of type A1 —
... A, — B in the environment I' and in As.-normal form. The Eta-long form
of a, written a', is inductively defined by:

— ifa=Aa.b then a’ = A0

—ifa=(b1...by) thena =Xa, ... A4, .(c1...cpn’...1"), where ¢; is the Eta-
long form of the As.-normal form of <pg+1bi,

— ifa =bo'c then a’ = Aa, ... Aa,.(d'c?™"e/n’...1"), where d’ and e’ are the
Eta-long form of the Asc-normal form of <pg+1b and gog“c, respectively.

—ifa=@ibthena = Xa, ... Aa, .(pLc'n’...1"), where ¢ is the Eta-long form

of the A\se-normal form of gpgﬂb.
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3 Unification Trees: a structured presentation of Huet’s
HOU algorithm

In this section, we introduce the wunification tree structure for giving an ade-
quate presentation of Huet’s algorithm over the A-calculus in de Bruijn nota-
tion. By using this structure we can exhibit the interconnection between the two
main procedures of Huet’s algorithm naturally. This clarifies the description and
simplifies the comparison between explicit substitutions based HOU styles and
Huet’s method. We start with the definition of a unification problem.

Definition 13. A unification problem in the pure \-calculus is a conjunction
of equations of the form a =" b, where a and b are two A-terms of the same
type. One such equation is called rigid-rigid (resp. flexible-flexible) if both a and
b are rigid (resp. flexible) terms, and flexible-rigid if a is flexible and b is rigid
or vice-versa. A equation of the form a =" a is called trivial.

Definition 14. Given a unification problem a; ="biA...ANay, =" by, asolution
(or a unifier) for this problem is a substitution o such that the normal form of
a;o is equal, up to renaming of meta-variables, to the normal form of b;o, for
alli=1,...,n. In other words, a;oc =g, b;o,Vi=1,...,n.

In addition to Definition 14, it is important to remark that the HOU problem
is concerned with finding all distinct substitutions that are solutions of a given
unification problem.

The unification tree notation is obtained from the matching tree of Huet
[Hue75] by adding labels to the unification problems as well as to the gener-
ated substitutions. These labels provide information about the position of the
unification problems and of the substitutions in the matching tree (see Fig. 2).

A unification tree for a given unification problem P is given by:

1. Label P with e (the empty position) as a subscript, i.e., P.. This subscript
means that this problem is labeling the root of the matching tree.

2. For a node labeled with P,, its sibling node is labeled with P, whenever the
unification problem derives by applying the procedure SIMPL defined in the
next section. This step is represented by a curly line in the unification tree
since the subscript remains the same after a simplification step.

3. For a node labeled with P, containing a flexible-rigid equation, call 41, 042,

.., Og the incremental substitutions? generated by an application of the
procedure MATCH to this equation.

4. The sibling nodes of P,, written Py, ..., Py, are defined by the composition
Pqi = quqi, for i = ]., .. .Jﬂ.

Using this notation is straightforward to conclude that the substitution o12315
was generated by the unification problem Pj231. The solutions of unification

2 An incremental substitution is a substitution that knows only about the heading of
the term to be substituted; all the internal structure of the term is already unknown
and, therefore it is represented by meta-variables.
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Pe
SIMPL(Pe) <
Pe
o1 o op
Py Py “ee P,
SIMPL(P;y) < SIMPL(Ps) ese SIMPL(P,.)
Py P e P,
o11
a1 Ol1s

P11 Pio o Pig

Fig. 2. The Unification Tree

problems can be easily computed by composing the generated incremental sub-
stitutions from the root of the unification tree to a success leaf. For instance,
if Pio93 is a success node but Pjso is not, then the substitution solution corre-
sponding to this success path is given by the composition 1012012201223. In the
following we describe Huet’s algorithm using the unification tree notation.

3.1 The procedure SIMPL

The procedure SIMPL receives as argument a unification problem P, containing
at least one rigid-rigid equation and returns either a terminal (success or failure)
status or an equivalent “simplified” unification problem, called Fq, containing
at least one flexible-rigid equation. In the following we give the algorithmic
description of SIMPL.

Procedure SIMPL

INPUT: A unification problem P, with at least one rigid-rigid equation, called
the selected equation:
Aay - Aa,(mep.e) ) ="Aa, .. Aa,.(med . e ) AP
where s,r,p1,p2 > 0 and n,m > 0.
OUTPUT: A terminal (success or a failure) status or an equivalent unification prob-

lem Fq (without rigid-rigid equations) and containing at least one flexible-rigid
equation.
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WHILE there exists a rigid-rigid equation in P, DO

If r #£ s or n # m then stop and report a failure status else let p = p1 = po
(it must be the case since the terms have the same type) and replace the
selected equation by the conjunction Aa, ...Aa,.el =" Aa, ... A4 .€? A ... A
Ay - Aaep =" A4, .. A4, €2 in Py and call the result P,.

DONE.

If there is a flexible-rigid equation in P, then return P, else stop and report a
success status.

The same description is used for both - and fn-unification. In fact, in the
A-calculus with n-conversion, we always have r = s because terms are always in
n-long form.

3.2 The Procedure MATCH

The procedure MATCH takes a flexible-rigid equation as argument and returns
a finite set of substitutions called Y. We start describing the procedure MATCH
for f-unification. In this case, a necessary condition to a flexible-rigid equation
to be unifiable is that the heading of the rigid term must have at least the same
number of abstractors than the heading of the flexible one. This is a consequence
of the fact that substitutions never decrease the number of external abstractors
in the flexible term. Hence, without loss of generality, we may assume that the
input of the procedure MATCH is a flexible-rigid equation of the form:

Ay - da, (X e ...611)1) =" A4, e Aa, (@ e%...efh) (1)

where 7(X) = By — ... = By, — Ary1 — Arypr — C, where p1,po, 7,7 >0,
n > 0 and C is the type of the term (ne?... 612)2). The type of X must have the
above form so that we may be sure that both terms in equation (1) have the
same type.

The procedure MATCH is based on two rules named imitation and projection.
For a given flexible-rigid equation, the procedure MATCH calls the imitation
rule and the projection rule and it returns a set X' of incremental substitutions
formed by the union of the substitutions generated by the imitation with the
ones generated by the projection rules. As we will see in the description of the
main procedure, if X' is the empty set then the algorithm will stop and report
a failure status. In the following we give the description of the imitation and
projection rules.

The Imitation Rule. The imitation rule consists in substituting the head of
the flexible term by another term with the same head as the rigid one. In this
sense, it tries to imitate the head of the rigid term. Considering the equation (1),
we can imitate the term A4, ... A4 ,.(n ef...e2)) by substituting the meta-
variable X by a term with heading A¢, ... A¢, -t, for adequate types and an

adequate w and where t corresponds to the de Bruijn index n. As variable
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capture is forbidden in the A-calculus, substitutions have some restrictions to
work correctly.
For (-unification, Huet considers two cases for equation (1):

1. CASE v’ > 0. Here, n can be either a constant (n > r+7’) or a bound variable
with 1 < n < r’. In both cases, the term to be substituted for X has p; + 7’
external abstractors so that the resulting term will have, after normalisation,
the desired r + 7" external abstractors. If n is a constant then we need to
substitute X by a term with heading Ap, .. ')\Bm Ay ')‘AT+T/ .k where k
must be equal to n after normalisation. When this substitution goes inside
an abstractor, each of its free variables must be increased by one in order
to avoid capture. Since this substitution needs to go inside r abstractors,
these free variables need to be increased by r. After that, we need to apply
p1 steps of B-reduction to normalise the term. After each application of
a (-reduction, its free variables are decreased by 1. Therefore, in order to
guarantee that the normalised term has the same head of the right hand-side
of the given equation, we need that k = p; +n — r. If n is a bound variable
with 1 < n < 7’ then it remains unchanged during this process. This suggests
the substitution:

X/)\Bl.../\Bpl/\AH_l.../\AH_T,.(E (Xl p1—|—r’...1)...(Xp2 P1 +r/l)) (2)

where X,..., X, are fresh meta-variables of the appropriate type and
P +mn —r, if nis a constant;
1 n, otherwise.

2. CASE 7’ = 0. Now n must be a constant (to avoid variable capture) and
equation (1) assumes the form

Ay da, - (Xep..ep) =" Ag, .. A, (0 er...e,) (3)

A natural substitution obtained directly from the previous ones is:
X/Ap, - A, (prt+n—r(X1ps...1)...(Xp, p1...1))

where X1,...,X,, are fresh meta-variables of the appropriate type. This

substitution replaces all the p; arguments of X by terms whose heads are

the meta-variables X, ..., X, (after p; steps of S-reduction) and we may

investigate the existence of other substitutions which keep some of these

arguments unchanged. This means that we intend to substitute X by terms

with heading Ap, ...Ap;.j +n—1r, where 0 < j < p;. This is possible if

there exists 0 < j < pp such that:

(a) p2 —p1 +J >0, ie., it is possible to complete the ps arguments of the
rigid term, and;

(b) T(et) = T(egrpﬁk) for all j < k < py, i.e., the unchanged arguments of
the flexible term have the same type of the corresponding arguments of
the rigid one.
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And so, for each 0 < j < p; satisfying the conditions (a) and (b) we include
the following substitutions in X"

‘X//\B1 )\BJ(J +n—r (Xl i"'l)"'(Xi‘W*lerj ll))
where X,..., Xp,—p, +; are meta-variables of the appropriate types.

In Brn-unification, all meta-variables are substituted by n-long terms. There-
fore A-terms of the same type always have the same number of external ab-
stractors and hence, without loss of generality, we can restrict the analysis to
flexible-rigid equations of the form

Ad, A (X e%...eil,l) =" Xg, .. 0, (2 e%...efm)

where 7(X) = By — ... — B, — B (B atomic). The possible substitutions
for X, will be exactly the n-long terms of this type whose head corresponds to
the head of the rigid term. In general, higher order unification with n-conversion
eliminates redundancies in the search for solutions (see Example 1). In this case,
the substitution generated by the imitation rule is given by:

X/Ag, - A, (prt+n—r(X1ps...1)...(Xp, p1...1))

where X1, ..., X, are meta-variables with appropriate type and all sub-terms
are in 7-normal form. The imitation substitution in the Sn-unification is unique
and all the substitutions generated in the S-unification are particular instances
of the former. This fact can be formalised by the following theorem:

Theorem 1. Let P be a unification problem containing the flexible-rigid equa-
tion as in (1). If o1,...,0, (k > 0) are the substitutions generated by the im-
itation rule in the B-calculus and v the substitution generated by the imitation
rule in the Bn-calculus for the n-long form of the given equation, then there exist
substitutions 01,...,0k such that v8; =gy, oy, for all 1 < i < K, d.e., the sub-
stitutions generated in the B-calculus are particular instances of the substitution
generated in the Bn-calculus.

Proof. Without loss of generality, we may assume that in the fn-calculus, the
given equation assumes the form

ne?.. . e

A, A (@ p2)-

(Xel...el £...1) :?)\Al...)\A

r+r/ p1 =-

As usual, we assume that all sub-terms are in n-long form although some of them
remain with the same name. The imitation generated in this case is given by
v=A{X/Ag, .- Ap, ., (prton—r(Vipitr...1).. (Y, prtr .. 1)}

If ¥ > 0 then the sole imitation generated in the S-calculus is given by
o={X/AB,-- A, A, 1.+ Aa,, ., prto—r(Xi(pi+r'.. .1).. Xy, (patr. 1))}
Therefore, we have the result, if we consider 8 to be the empty substitution.

If ' = 0 then 7(X) = B1 — ... — By, — B and the considered flexible-rigid
equation has the form

Ay - Ada (X e ...611)1) =" A4, ... 2a,.(n e%...egz).
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In this case, the substitution + is given by
v ={X/AB, .- A, (pr+n—1(Y1 p1...1)... (¥}, p1...1))} and the corre-
sponding imitations in the g-calculus are given by

o5 = {X/ A, A, (G =X 3. 1) (Xpy gy 3o 1))}

for each 0 < j < p; such that pp —p; +j > 0 and 7(e},) = T(€§2_p1+k) for all
j < k < p1. Now consider the substitution:
0j = {Yl/)\Bl "')\Bpl'(Xl Pi---P1 —Jj+ 1),...,
YPQ*pl‘l’j/ABl s )\Bpl '(X;D2*P1+j Pi...P1 — j+ 1),
YP2—P1+j+1//\B1 - )\Bp1 P1— 3, ng/ABl ce /\Bp1 l}
which is well defined by the above type condition.
After a S-normalisation, we get
v0; ={X/AB, .- Mg, (Prt+tn—r(Xipi...p1—j+1)...
(XpsopriP1-- PL—3 T 1) p1— 3.1
And finally, n-reducing, we get (up to the renaming of meta-variables):

’}/Hj = {X/)\Bl )\B](J +n—r(X1 J ---l)---(ng—p1+j ll))} =0y

O

In this way, different substitutions in the (-calculus may correspond to the
same ones in the grn-calculus due to n-equivalence.

The Projection Rule. A projection can be used in case the head of the rigid
term is a constant or a bound variable with ' < n < r 47’ (again, consider
the structure of equation (1)). Note that in the last case an imitation does not
apply due to variable capture and, the projection rule consists in “projecting”
the head of the flexible term onto one of its arguments which eventually contains
the index that corresponds to the variable n.

In B-unification, there are two possible headings for X: Ap, ...Ap;.i or
AB, '~')‘Bp1)‘Ar+1 coe A, for adequate de Bruijn index i and subscript j.

In fact, the first heading is used for each 1 < i < j < p;, such that there exists
m > 0 with

’7'(611):01—>...—>Cm—>Bj+1—>'”_>Bp1+r,_>c’

In this case, X is projected over its i-th argument e} by including in X the fol-
lowing substitution: X/Ap, ... Ap,.(j —i+1(Y1(j...1)...(Ysn j...1)) where
Y1,...,Y,, are fresh meta-variables with appropriate type. Note that, in this
case, we have, at most w possible distinct projections.
Projections with heading Ap, ...Ap, Aa,,, ... Aa,,; .k are generated when-
ever ' > 0 in equation (1), where 1 < j < ¢’ and k is a de Bruijn in-
dex binded by one of the Ap,,...,Ap, abstractors, ie., j < k < p1 +j. In
this case, for each e} such that there exists m > 0 where 7(e}) = C; —
.= Cpn — Bp4j+1 — ... = By, 4 — C, we add to ¥ the substitution
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X/ABy - ABy, Ay oAy, (prti—i+1 Vi(patj . 1) ... (Y Patj.. 1)),
where Y7,...,Y,, are fresh meta-variables with appropriate type. In this case,
we have at most p;.r’ possible distinct projections.

In Bn-unification, A-terms of the same type always have the same number
of external abstractors and the headings of the projections substitutions always
have the form Ap, ... Ap, A4, , ---Aa_, ,.i, where r’ <1 < py1+7'. This gives at
most p; possible different projections, one for each argument of X. Analogously
to the imitation case, all the projections generated in the gn-calculus are more
general than the corresponding projections in the S-calculus in the sense given
by the following theorem.

Theorem 2. Let P be a unification problem containing the flexible-rigid equa-
tion as in (1). If o1,...,01 (k > 0) are the substitutions generated in one step
of the projection rule onto the i-th argument of X (1 <4 < p1) in the B-calculus
and 7y the corresponding substitution generated in the pn-calculus for the n-long
form of the given equation, then there exist substitutions 61, ...,0, such that
v¥0; = o5, for all1 <i<k.

Proof. Let

0; :{X/)\Bl)\BJ(J —i-l—l(Xl ll)(XmJl))}

be a substitution generated in the (-calculus. By the construction of the pro-
jection rule, there exists m > 0 such that 7(e}) = Cy — ... — Cp, — Bjs1 —

.— By, — A1 — App — C. Without loss of generality, we may assume
that in the @n-calculus, the equation (1) assumes the form

M, da L (Xebo el £ =", 0

2 2
P )

nej...e,).

rtr! rdr! " (

The corresponding projection step, in the fn-calculus, generates a substitution
which has p; +1/ external abstractors (since terms are in 7-long form) and whose
number of arguments can be easily determined in terms of m:

vy = {X/)\Bl "')\Bp1)\Ar+1 ...)\Ar+r,.p1 +I‘/ —1i+4 1(Y1 P1 +I‘/l)
(Yotr/4pi—j Pr+1r'...1)} where Y1,..., Y p4p,—; are meta-variables with
appropriate type and sub-terms are in n-long form. Consider the substitution
9j = {Yl/)\Bl "')\Bpl)\Ar+1 .. A (Zl P1 +r’...p1 4+ — j+ 1)

!

}/"n/ABl"')\Bpl)\AT-Fl"'AA7~+7~"(Zm pi+r..pp+r—j+1)} U
{}/"n+1/)\Bl"')\Bp1)\Ar+l "'/\Ar+r/'p1 +r’—j,
Ym+2//\B1~-~)\Bp1)\AT+1~'~)\A ,.p1—|—r’—j—1,

T4

Ym+r’+p1—j//\31 .. .)\Bp1 )\Ar+1 .. )\Ar+7" l}
The B-normal form of v6; is
X/Ap, "')‘Bpl)‘Arﬂ"')‘AHT/'(PI +r—i4+1(Z1pr+r .. .pr+—j+1)...
(Zmpr+r...pr+r —j+1)p1+r' —3...1)
And finally, n-reducing the above substitution, we have v8; = o; up to re-
naming of meta-variables.
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The analysis for projections with headings of the form
ABy - AB, Al oo A4, d
is similar. O
In the following we give an algorithmic description of the procedure MATCH.
Procedure MATCH

INPUT: A flexible-rigid equation eq.
OUTPUT: A set X of incremental substitutions for the head of the flexible term.

1. Apply the imitation and/or the projection rules to eq non-deterministically
and call X the set of generated substitutions.

3.3 The Main Procedure

The main procedure of Huet’s algorithm non-deterministically and successively
calls the procedures SIMPL and MATCH. These calls may generate equivalent
unification problems or substitutions which can be organised into a unification
tree (see Fig. 2).

Main Procedure

INPUT: A unification problem P,.

OUTPUT: A success status if the original problem is unifiable or a failure status
if the original problem is not unifiable. The algorithm may not terminate in the
latter case.

1. If P;,. 4, contains a rigid-rigid equation then apply SIMPL and go to the
next step, else if it contains a flexible-rigid equation then rename P;, ;, to
ﬁil___ik and go to the next step, else go to step 4.

2. Let eq be a flexible-rigid equation in P;, ;. Apply MATCH to eq and call
i, ..i,, the generated set of substitutions and go to step 3.

3. If X, i, is the empty set then stop and report a failure status, else let
Divoin = {0y i1y 00y pry where 7 > 0 and, for each substitution
Oiy...igj S Elllk call Plllkj = Pil---ikail---ikj the new unification pI'Ob—
lem and go to step 1.

4. Stop and report a success status. The corresponding solution assuming that
the current node is at position i; .. .1 is given by the composition:

Gil Giliz e Giliz...ik_lo-i1i2...ik

Ezample 1. Consider the unification problem P = {\4.X 3 =" )\4.2(43)} over
the context ' = A — B.A.A — Aniland I' F X : A — B. Figures 3 and 4 show
the matching tree for P considering the A-calculus without respectively with 7-
conversion. The solutions are given by the compositions of the substitutions
through a path whose leaf is a trivial problem (also called a success node). Note
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Aa-X 3= 242043
7N
s N
s ~
o1 ={X/x4.2(X1 1} oo = {X/1}
P

~
-

7 N ~
7 ?
Aa-2(Xq 8) =" Xy.2(43) Ap-23="X4.2(43)
SIMPL SIMPL
Aa-X13="2,.43 Fail

s
- |

o11 = {X1/3} 7 ! o13 = {X1/ a1
11 =1 1i/}512:{X1/f’\A-§(X21)} 13 = {X1/2a1}
I

P |

ra23="x4 .43 Aaa(Xo3) =" A .48 Ap3="Arq43
SIMPL SIMPL SIMPL
Success Ap-Xo3 _7 a2 Fail

s
s
s

o111 = {X2/x4.3},7
p
.

-
-

Success

o112 = {X2/x 4 1}

Success

_ _ _ _ dashed lines denote imitation steps
solid lines denote projection steps

Fig. 3. Unification without n-conversion.

Aa.X 3="24.2(43)
o1 = {X/A4.2(X1 1)}

Aa-2(X13) =" Xa.2(43)

SIMPL

Aa.X13="X,4.43

o = {X1/Aa.1} \\\?12 ={X1/2a.4(X2 1)}
Aa3="2X1.43 Aa-4(X2 §)\=7 Aa43
SIMPL SIMPL
Fail Aa.X23="X43

s

o121 = {X2/Aa.8} -7 o122 = {X2/Aa.1}

s
s

.
Success Success

_ _ _ _ dashed lines denote imitation steps
solid lines denote projection steps

Fig. 4. Unification with 7n-conversion.
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that, after composing, the terms need to be normalised. For instance, in Fig.4 one
can compute the composition o10120122 by first applying the usual composition
of substitutions:

{X/A22((Aa 5((Aa-1) 1)) 1), X1 /Aa4((Aa1) 1), Xa/Aa.1}
and then applying (-reduction:
{X/Aa.2(41), X1/Xa.(4 1), Xa/Aa 1}
In the same way, one computes the substitution
010120121 = {X/A4.2(43), X1/Aa.(4 3), X2/Aa.3}.

The solutions to the original problem are given by the substitutions for the
meta-variables that appear in it: X/)4.2(43) and X/ 4.2(41).

4 Correspondence between Ao-HOU and Huet’s HOU

In [DHKO00], a generalisation of Huet’s unification method, based on the Ao-
style of explicit substitutions, is presented. Nevertheless, no formal comparison
among these methods is provided. In this section, we compare these two methods
proving that the SIMPL and MATCH procedures of Huet can be simulated in
the Ao-calculus and that there exists a correspondence among the generated
substitutions and graftings for unification problems which are in the image of the
precooking. Although most of the modern computational systems based on the
A-calculus use n-conversion, we decided to analyse both 8- and frn-unification,
as Huet did in his original paper [Hue75].

A unification problem in the Ao-calculus is written as a disjunction of exis-
tentially quantified conjunctions of the form \/ jed Jw i Nie I, @i =3_ b; where a;
and b; are Ao-terms of the same type. If |J| = 1 then the unification problem is
called a unification system. Since we are interested in relating a unification algo-
rithm in the pure A-calculus and one in the Ao-calculus, it is important to know
how to translate A-unification problems into Ao-unification problems and vice-
versa. The process of translating a unification problem P from the simply typed
A-calculus to the corresponding unification problem Pg in the typed Ao-calculus
is done by the precooking translation defined as follows.

Definition 15 ([DHKOO0]). Let a € Agp(X) such that I' b a : T. To ev-
ery meta-variable X of type U in the term a, we associate the type U and the
context I' in Ao-calculus. The precooking of a from Aqp(X) to the set of \o-
terms, written Axs(X), is defined by ap = F(a,0) where F(a,n) is defined by:
(a) F((Ap-a),n) = Ap(F(a,n+ 1)) (b) F(k n) = 1[1*]
(¢) F((a b),n) = F(a,n) F(b,n) (d) F(X,n) = X[1"]

Note that the precooking defined above is injective and hence its inverse is
well defined. This remark will be important when unification solutions in the
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language of the Ao-calculus need to be translated back to the language of the
pure A-calculus. In the next two subsections we present the Ao-version of the
procedures SIMPL and MATCH, called SIMPL), and MATCH,, which are
built using adequate strategies over the inference rules of the Ao-HOU method.
In this way we formalise the fact that HOU via explicit substitutions calculi is
a generalisation of Huet’s method.

The procedure SIMPL),. As in the pure A-calculus, we give the same de-
scription for the procedure SIMPL), for unification with and without Eta-
conversion. The sole difference is that in the former case, the rule Dec-App-A
can be removed from the description because it never applies to Eta-long terms.
The inference rules for unification in the Ao-calculus are given in Tables 3 and
4.

P 1 =3y M.
Dec-) AAa.er i\g)\AeQ
P/\61:;\062
PA(nei...el)=s, (mel...e?)
Dec-App T_7 .2 17 2
PAep=i,eiN...Nej =}, €3
PA(nei...eb ) =% (mei...e2)
Dec-Fail = pL e B r2) ifm £,
ec-Fai Fail ,ifm#n
PAXe=%, (me?...e3
Dec-App-)\ A A F_ ! p2)
Fail

Table 3. Unification Rules for the Ao-calculus (part I)

Procedure SIMPL,,

INPUT: A unification problem P, (in the language of the Ao-calculus) with at
least one rigid-rigid equation.

QUTPUT: A terminal (failure or success) status or an equivalent unification prob-
lem P, without rigid-rigid equations and containing at least one flexible-rigid
equation.

Assume that Dec-A is applied eagerly.
WHILE there exists a rigid-rigid equation in P, DO

1. Apply Dec-App-X or Dec-Fail.

2. Apply Dec-App, and if the resulting unification problem contains a flexible-
rigid equation, call it P, and give P, as result, else stop and report a success
status.

DONE.
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PAX[ay-ap. "] er...ep=3,(mby...bg)

PAX[a1-ap.1™] e1...ep=3 _(mbi...bg)A \/ 3Hy ... 3Hp:X=}_(x Hi...H,)VQ
rERpUR;

if X is not solved.

where H1, ..., Hy are variables of the appropriate type not occurring

in P with the contexts I'y; = I'x, Rp is the subset of {1,...,p}

such that (r Hi ... Hy) has the right type, R; = if m > n + 1 then

{m—n+p}elsedand @ =3IYX =}, \.Y if X has a functional type

and @ = Fail otherwise.

PAX[ai-ap.1"](e1,....e1) =2 Ab

Exp2

PAX[ay-ap.1m](e1,....e1)=%, AbA \/ 3Hy..3Hy:X=%_r(Hy,..,Hp)VIY X=,_AY
TERp

if X is not solved.

where H1, ..., Hy are variables of the appropriate type not occurring

in P with the contexts I'y, = I'x, R, is the subset of {1,...,p}

such that r(Hy,..., Hy) has the right type.

P
Y : (AI'-B),PAX =5_ Y
if(X:I'FA— B)€eTVar(P),Y & TVar(P),
and X is not a solved variable.

Exp-\

PAX[a1..ap.1"]=4,0(b1,....bq)

soenbg) A \/ 3H;..3Hy,X= r(Hi,...,Hy)
rERpUR;

if X has an atomic type and is not solved.

where Hi, ..., Hy are variables of appropriate types, not occurring

in P, with the contexts I'y, = I'x, R, is the subset of {1,...,p}

such that r(Hi,..., Hx) has the right type, R; =if m > n + 1 then

{m —n+ p} else 0.

Exp-App

PAX[ay.--- .a,p.T"]:';og(bl

PAep :KU )
Phet =, 4
where e (resp. e3) is the long form of e; (resp. e2)

if e (resp. e2) is not a solved variable and e; (resp. e2) otherwise.

Normalisel if e1 or ez is not in long form.

P Aer zig e2
PArep =5, €
where €] (resp. e3) is the Ao-normal form of e; (resp. e2)

if e; (resp. e2) is not a solved variable and e; (resp. ez) otherwise.

Normalise2 if e1 or ez is not in Ao-normal form.

PAX =it .
——— if X € TVar(P),X ¢ TVar(t) and
{X—t}(P)AX =1

if ¢ is a constant then ¢t € T Var(P).

Replace

Table 4. Unification Rules for the Ao-calculus (part II)
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Proposition 2. The application of the procedure SIMPL), to any unification
problem P (in the language of the Ao-calculus) always terminates.

Proof. We need to prove that each rule used in the procedure SIMPL), termi-
nates. To do so, consider the function 6 that measures the size of equations by
O(e1 =3, e2) := |e1| + |e2| and O(Fail) = 0. Now consider the multi-set v(P)
whose elements are 0(eq) for each equation eq € P. Applications of the rule
Dec-) decrease the size of the terms in both sides of the selected equation and
keep the other equations unchanged, hence y(P) >> v(Dec-A(P)), where >> is
the usual order for multi-sets. The rules Dec-App-A and Dec-Fail terminate
since Fail is a terminal. The rule Dec-App generates a finite number of new
equations, but each of them has size strictly less than the original equation and
hence v(P) >> v(Dec-App(P)). Finally, each cycle in the WHILE starting from
P generates a unification problem P such that v(P) >> «(P) because at least
one of the listed rules applies to P and there is no way to keep a rigid-rigid
equation unchanged. After a finite number of steps, all the rigid-rigid equations
will be eliminated and the procedure stops. The resulting unification problem
is equivalent to the original one due to the correctness of the inference rules of
Table 3 (cf. [DHKO00]). O

In order to establish a correspondence between the procedures SIMPL and
SIMPL),, it is worthwhile to notice that if Pr is the precooked image of the
unification problem P then, by the definition of precooking, Pr does not contain
any internal operator of the Ao-calculus other than the codification of de Bruijn
indexes and updated meta-variables, i.e., n = 1[T"!] (n > 0) and X[1*] (k >
0). Note also that the headings of rigid terms are kept unchanged under the
precooking translation, and hence, the precooked image of a rigid (resp. flexible)
term is also a rigid (resp. flexible) term. In this direction we have the following
results:

Lemma 1. Let P be a unification problem in the typed Ao-calculus which is in
the image of the precooking translation. Then applications of the rules Dec-),
Dec-App, Dec-Fail and Dec-App-X to P generate a new unification problem
which is still in the image of the precooking translation.

Proof. Straightforward from the definition of the rules. Note that no internal
operator of the Ao-calculus is introduced by these rules. O

Lemma 2. Let P be a unification problem in the pure A-calculus containing
at least one rigid-rigid equation. If the procedure SIMPL applied to P returns
a failure status, then SIMPLy, applied to the precooked image of P stops and
returns a failure status.

Proof. If SIMPL applied to P returns a failure status then there exists a rigid-
rigid equation in P with different headings. Hence the precooked image of this
equation will also fail after one application of Dec-Fail or Dec-App-\. O
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Lemma 3. Let P be a unification problem in the Ao-calculus which is in the
image of the precooking translation and contains at least one rigid-rigid equa-
tion. If the procedure SIMPL), applied to P stops and returns a failure status,
then SIMPL applied to the unification problem obtained by the inverse of the
precooking applied to P stops and returns a failure status.

Proof. If SIMPL), applied to P stops and returns a failure status, then it comes
from one application of the rules Dec-Fail or Dec-App-)\. Hence, there exists a
rigid-rigid equation in P with different headings. As the inverse of the precooking
does not modify headings of rigid terms and is well defined by Lemma 1, we
conclude that the procedure SIMPL will stop and return a failure status. (]

Lemma 4. Let P be a unification problem in the pure A-calculus containing
at least one rigid-rigid equation. If the procedure SIMPL applied to P returns
a success status, then SIMPLy, applied to the precooked image of P returns a
success status.

Proof. If SIMPL applied to P returns a success status then, after simplifying all
rigid-rigid equations, the resulting unification problem is composed by a (possible
empty) conjunction of flexible-flexible and trivial equations®. This means that
P contains a finite number of rigid-rigid equations in which the heading of the
left-hand side term is the same as that of the right-hand side term for each such
equation and, the same condition holds to possible new rigid-rigid equations
generated by the decomposition step. Since the precooking translation keeps
unchanged the heading of a rigid term, we conclude that the rules Dec-Fail
and Dec-App-A do not apply neither to any of the rigid-rigid equations nor
to the possible rigid-rigid equations generated by the rule Dec-App. Moreover,
no flexible-rigid equation is generated by SIMPL), otherwise it should also be
generated by SIMPL. Therefore, SIMPL), applied to Pr is a (possible empty)
conjunction of flexible-flexible and trivial equations and hence SIMPL), stops
and returns a success status. U

Lemma 5. Let P be a unification problem in the Ao-calculus which is in the
image of the precooking translation and which contains at least one rigid-rigid
equation. If the procedure SIMPLy, applied to P stops and returns a success
status, then SIMPL applied to the unification problem obtained by the inverse of
the precooking applied to P stops and returns a success status.

Proof. If SIMPL,, reports a success status then, after simplifying all rigid-rigid
equations using the rules Dec-\ and Dec-App, the resulting unification system
is composed by a (possible empty) conjunction of flexible-flexible and trivial
equations. This means that all possible rigid-rigid equations that were in P or
that were generated by one application of Dec-App are such that the heading
of the left-hand side term is equal to the heading of the right-hand side term.
Since the inverse of the precooking keeps the heading of a rigid term and de
Bruijn indexes unchanged and is well defined by Lemma 1, we can conclude that

3 Trivial equations can be eliminated automatically.



HOU a la Huet and via ES 23

the headings of the rigid-rigid equations of the unification problem obtained by
applying the inverse of the precooking to P are the same for the left-hand and
right-hand side of each equation and hence the procedure SIMPL will return a
success status. (]

Lemma 6. Let P be a unification problem in the pure A-calculus such that the
result of applying SIMPL to P is the unification problem P containing at least
one flexible-rigid equation. Then the application of the procedure SIMPLy, to
the precooked image Pr of P returns a unification problem containing at least
one flexible-rigid equation.

Proof. There are two possible origins for this flexible-rigid equation. Either it
already exists in P or it was generated by the simplification of one rigid-rigid
equation in P. In the former case, it will remain unchanged by the proce-
dure SIMPL since only the rigid-rigid equations are modified. The procedure
SIMPL,, also does not modify flexible-rigid equations, we can conclude that the
precooked image of this flexible-rigid equation remains unchanged by application
of SIMPL),. In the latter case, such equation is generated by the simplification
process which creates a new equation from corresponding arguments, i.e., from an
equation of the form X4, ... Aa,.(nej...€p) =" A4, .. A, (ne?.. -e2) the sim-
plification process generates the conjunction A4, ... A4, .l =" Aa, ... 4, .€2 A
oA XAy )\Ar.e}, =" X4y .- )\Ar.eg which contains at least one flexible-rigid
equation. Since the precooking translation keeps de Bruijn indexes unchanged,
and only updates meta-variables, we can conclude that the conjunction el » =’
el A...Aeb ="e2  contains at least one flexible-rigid equation. O
Lemma 7. Let P be a unification problem in the Ao-calculus which is in the
image of the precooking translation and such that an application of the procedure
SIMPLy, to P returns a unification problem containing at least one flexible-
rigid equation. Then the application of the procedure SIMPL to the unification
problem obtained by the inverse of the precooking applied to P returns a simplified
unification problem containing at least one flexible-rigid equation.

Proof. Again, there are two possible origins for this flexible-rigid equation. Either
it already exists in P or it was generated by one application of the rule Dec-App.
In the former case, it will remain unchanged by the procedure SIMPL,, since it
affects only rigid-rigid equations and the inverse of the precooking applied to P
will also have a flexible-rigid equation which remains unchanged by application
of the procedure SIMPL. In the latter case, such equation was generated from
an equation of the form Aa, ... Aa,.(nel, ...ep.) =" Aa, ... Aa,.(@el, .. e2)
which will be replaced by the conjunction e%F =’ e%F AN ezl)F =’ ef,F. Hence
at least one of these equations is flexible-rigid. Applying SIMPL to the inverse
of the precooking applied to this equation (which is well defined by Lemma 1),
that is, Aa, ... Aa,.(@ el ...e}) =7 Aa, ... Aa,.(n €]...€2), allows us to con-
clude that one of the generated equations Aa, ... A4, .1 =" Aa, ... A4, €2 A A

Ay A, ep =" A, . A, €2 is flexible-rigid. O
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The results of these lemmas can be jointed as:

Theorem 3 (Correspondence between SIMPL and SIMPL,,). If P is
a unification problem in the pure A-calculus and Pg its precooked image, then:

1. SIMPL(P) fails < SIMPL,(Pp) fails.

2. SIMPL(P) stops and reports a success status < SIMPLy,(Pr) stops and
reports a success status;

3. SIMPL(P) returns a unification problem containing at least one flexible-rigid
equation < SIMPLy,(Pr) returns a unification problem containing at least
one flexible-rigid equation.

Proof. Straightforward from lemmas 2-7. g

The procedure MATCH ). In the unification method over the Ao-calculus
[DHKO00], the solutions are given in the form of solved equations which are defined
as follows:

Definition 16 ([DHKOO0]). A unification problem P is in Ao-solved form if
all its meta-variables are of atomic type and it is a conjunction of nontrivial
equations of the following forms:

— Solved: X =} a where the meta-variable X does not appear anywhere else
in P and a is in Eta-long form®*. Such an equation is said to be solved in P
and the variable X is also said to be solved.

— Flexible-flexible: X[aj.--- .ap. 1"] =%, Y[b1.- -+ .by. 1™], where
Xlay. - .ap. 1" and Y[by. - .by. T™] are Eta-long terms and the equation
1s not solved.

In our description, as a consequence of the fact that the solutions in the Ao-
calculus have the form of equations and hence do not belong to another syn-
tactical structure as in the pure A-calculus, the procedure MATCH,, takes a
unification system as argument instead of just an equation as in Huet’s algo-
rithm. We start by considering unification problems in the Ao-calculus with
Eta-conversion. The following description is done according to the unification
tree notation (see Fig. 5).

Procedure MATCH,, (with Eta)

INPUT: A unification system P, with at least one flexible-rigid equation.
OUTPUT: A disjunction of equivalent unification systems, written Py V...V Py.
Assume that the rule Dec-\ is applied eagerly.

1. Apply Exp-) and Replace as much as possible to the selected equation and
call Pé the resulting unification system.

4 In the Ao-calculus without Eta-conversion, consider the Ao-normal form instead of
the Eta-long form.
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Pe
SIMPL>\U<
P
P, Py ces Py
SIMPL/\,< SIMPL,,, cee SIMPL,.,
Py Py . P,

P11 Pia oo Pig

Fig. 5. The Ao-unification tree.

2. Apply Exp-App and Replace and Normalise to Pé and call Py V...V Py
the resulting unification problem.

The following results allow us to establish a formal correspondence between
the procedures MATCH and MATCH), in the A-calculus with n-conversion and
in the Ao-calculus with Eta-conversion, respectively. In this comparison, we
want to relate substitutions in the pure A-calculus and the generated equations
by the Exp-App rule in the Ao-calculus. This is formally done according to the
following definition.

Definition 17. Let X/a be a substitution generated in the pure A-calculus by
Huet’s algorithm. We say that the equation' Y :2 b corresponds (or is associated)
to the substitution X/a if X andY are two meta-variables of the same type and
the terms a and b have the same headings, where & € {\o, As¢}°.

Note that the substitutions generated in Huet’s algorithm always replace
meta-variables by rigid terms and hence the precooking does not affect the head-
ings of these terms. Therefore we can say that the A\-term a has the same heading
of the Ao-term b.

Lemma 8. Let (X[a1. -+ .ap. T"] e1...ex) =4, b be a flexible-rigid equation in
the Ao-calculus such that the type of X is given by Ay — -+ — Ap — B (with
k > 0 and B atomic). Then the Ao-normal form of this equation, after some
atomisation steps generated by successive applications of the strategy Exp-\ and

® Note that the codification 1[1™!] and the de Bruijn index n are considered the same
in this definition.
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Replace, produces a conjunction of the form Xyleg.---.e1.a1.a2.- - -.ap. 1"] zio
b N X :"7)\0_ Ay A4, - Xk A Q, after a normalisation step, where Xy, is a new
meta-variable with atomic type B, by is a rigid term in Ao-normal form and Q
18 a congunction of equations.

Proof. The proof is straightforward using the given strategy. Nevertheless, we
detail the initial steps:

Xlai.az.--- .ap. T" e1...ex :;U b

_,Exp-\

Xlai.az.--- .ap. T" e1...ex :?)\o' bAX :?)\o' Aa, - Xa
_,Replace

(/\Al.Xl)[al.ag. c LGy T”] €1...eL :?)\o' by N X :;o )\A1~X1
_,Exp-)

)\Al.Xl)[el.al.ag. cee Q. Tn] €y...€6L :?)\U bt AN X :?)\U )\A1~X1 ANQ
_,Replace

)\Al)\Az.Xg)[el.al.ag. c LGy Tn] €y...€L :?Ao bo N X :?)\U )\Al)\A2~X2 ANQ
_,Exp-)\

._>N0rmalise

Xk[ek. ces.€1.01.09. . ... Qp. T”] :;o b N X :?)\o' )\Al - )\Ap.Xk ANQ

where X; are new meta-variables of type A;y1 — ... - A — B, for i =
1,...,k—1 and X} has the atomic type B. O

Note that, the number of arguments of X in the previous lemma coincides
with the number of arguments of its type. This is not a severe restriction because
it always happens for equations in Eta-long form.

Proposition 3 (Correspondence from MATCH to MATCH,, ). Let
Ay - Aa (X elel ) =" Xa, o da,(nel. .. €2,) be a flezible-rigid equation
in n-long form in the pure A-calculus where p1,p2, 7 > 0 and 7(X) =By — ... —
B,, — B with B atomic. Then, for each substitution generated by the procedure
MATCH, when applied to this equation, there exists a corresponding equation® in
the Ao-calculus generated by the procedure MATCHy, to the precooked version
of the given equation.

Proof. By the description of the procedure MATCH done in section 3, in this
case there exists exactly one possible imitation, if n is a constant (n > r), whose
substitution is given by:

X/Apy - A, (Prtn—r(Zip1...1)...(Zp, P1...1)).

To generate the corresponding equation in the A\o-HOU algorithm consider

the precooked version of the original equation: A4, ... Aa,.(X[1"] ei el

.
1p =" plF) :}\U
Ay - 24 (n e%F ...€2 ) and then, applying the procedure MATCH,, to it we

"Up2p
have:

6 According to Definition 17.
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1. Applying Dec-X: X[1"] e}, ...es = nei ...e2

iy 2t T P2
2. Applying the strategy given in Lemma 8: "
Xp, [ezlle. e .e%F. 17 =4, n e%F . 61272p ANX =5 B, - AB,, - Xpy ANQ
3. Finally, applying Exp-App: X,,[e;, .- .ef,. 17] =i, 1 €l cep, A

X :?)\U )\Bl...)\Bpl.Xpl ANQ AN Xp, :7)\0 pr+n—rHy.. .Hp,.
An application of Replace gives the solved equation
X ={,AB,-.-Ap,,-(pr+n—1 Hi...Hp,)

which corresponds to the given substitution.
If n is a bound variable, i.e., 1 < n < 7, then suppose that the following
projection is generated by Huet’s algorithm:

,XY)\B1 ...)\Bpl.(p1—i+1(Z1 &l)(ZS &l))

Note that this projection is generated only if the target type of the i-th argu-
ment of X is B, i.e., e} must have the same target type of X. To generate this
substitution in the Ao-HOU algorithm consider again the unification system

1 1 ? 2 2 ?
Xpilepy o 1 =xonel, ey, AX =3, Ap, ... A, . Xp, NQ.
As the precooking translation is a type preserving function, we can conclude

that the target type of e%F is also B and hence the equation
Xp, =so p1 —i+1Hp... Hg

is generated by the rule Exp-App. After an application of Replace, we get the
equation X :?M ABy - AB,, (p1—1i+1 Hy...H) which corresponds to the
given projection substitution. O

Proposition 4 (Correspondence from MATCH), to MATCH). For each
new generated equation by the rule Exp-App, when applied to a flexible-rigid
equation which is in the image of the precooking translation, there exists a cor-
responding substitution in the pure A-calculus in the following sense: for each
element in R, there exists a corresponding substitution in the pure A-calculus
and, if R; # 0 then there exists an wmitation in the pure \-calculus for the
inverse of the precooking translation applied to this equation.

Proof. Without loss of generality, we may assume that the considered flexible-
rigid equation has the form Aa, ... Aa,.(X[T"] e}, ...el ) =3, Aa, ... Aa, .bp,

where pi,r > 0 and 7(X) = By — ... — B, — gll;vith B atomic. After
applying the strategy sketched in Lemma 8, we get X, [e}le. el 17 =%
be AX =5, A, ... A, -Xp, A @, where X}, has the atomic type B and Q
is a conjunction of equations. Now, we are ready to apply the Exp-App rule.
Suppose that R, # (), that is, there exists i € R, C {1,...,p} and the equation
X,, =+, i Hi...Hg is generated. This means that the i-th element of the list

ey, .-+ €1, has target type B, ie., 7(e) ;) =C1— ... Cs — B (s>0).

Pip’
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But this is exactly the required condition by Huet’s algorithm to generate the
substitution

X/Ag, Mg, (2(Zip1...1) .. (Zopi-.-1))

which corresponds to the above equation generated in the A\o-HOU algorithm.
To analyse the case R; # (), suppose without loss of generality, that bg is of
the form (n ef...€2,), where 7(n) = Oy — ... — Cp, — B. If n > r then the
rule Exp-App will generate the equation X, :;, pi+n—r Hy...Hs. The
condition n > r means that n is a constant and hence, Huet’s algorithm will

generate the corresponding substitution
X/AB, - -/\Bpl-(Pi +n—x(Z; Pi-- ). (Zy, Pi-- .1)). O

Propositions 3 and 4 justify the name MATCH,, because our procedure
simulates in a faithful way the procedure MATCH for unification problems which
are in the image of the precooking translation. Now, the following theorem holds:

Theorem 4 (Correspondence between MATCH and MATCH,,). Let
eq be a flexible-rigid equation in n-long form in the pure A-calculus and eqp its
precooked image. Then, MATCH applied to eq generates a substitution o if and
only if MATCH)y, applied to eqr generates a substitution equivalent to o.

Proof. This is a corollary of Propositions 3 and 4. O

Now we make a similar analysis considering the A-calculus without the 7-
conversion and the Ao-calculus without the Eta-conversion. In the following
we give the algorithmic description of the procedure MATCH), without Eta-
conversion.

Procedure MATCH ), (without Eta)

INPUT: A unification system P, with at least one flexible-rigid equation.
OUTPUT: A disjunction of equivalent unification systems, written Pyi V...V Py.
Assume that the rule Dec-) is applied eagerly.

1. Apply Exp2 and Replace as much as possible to the selected equation and
then Normalise, if possible.

2. Apply Exp and Replace as much as possible to the selected equation and
then Normalise, if possible.

3. Call Py V...V Py, the generated unification problem.

The following results allow us to formalise the relation between the procedure
MATCH in the A-calculus without n-conversion and the procedure MATCH
in the Ao-calculus without Eta-conversion.

Lemma 9. Let Mg, ... Aa,.(X[ar.---.ap. 1] ef...el ) =5, Aa, ... A,
with p1,p,n,r,r’" > 0, be a flexible-rigid equation in the Ao-calculus without
Eta-conversion where 7(X) = By — ... = Bp, = App1 — ... = Appr — C.

After an application of the procedure MATCH), we get an equivalent unification
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system of the form:

Kppoolle - el (7] el (17 har (17 a1+ apl17]. 177] =, by
X :;U ABy - ABy Adyy - Aa L Xpr A Q where Xp, 1, 15 a new meta-
variable of type C, by, 1 15 a Ao-normalised rigid term and Q) is a conjunction
of equations.

Proof. Straightforward considering the strategy given in the above description.
This proof is analogous to the one sketched for Lemma 8. O

Proposition 5 (Correspondence from MATCH to MATCH,, (without
n)). Let

)\Al...)\AT.(Xei...ezl)l):?)\Al.../\A (med...e2)

r4r! P2

with p1,p2, 7,7’ >0 and m > 0, be a flexible-rigid equation in the simply typed \-
calculus. For each substitution generated in the A-calculus without n-conversion
there ezists a corresponding equation generated by the procedure MATCH)y, in
the Ao-calculus without Eta-conversion.

Proof. The analysis is divided into the imitation and projection cases.

IMITATION: The generated imitation substitutions are according to the fol-
lowing cases:

r’ > 0: In this case, the head m of the rigid term can be either a constant
(m > 7+ 7') or a bound variable with 1 < m < 7’. In the former case, the
generated substitution is given by

X/AB,- A, Ay A4, (prdm—r(Xipi 1. 1) (Xp, pr+ .. 1))

r+r/

and, if 1 < m <7’, the generated substitution is given by
X/ABy- A, Apyr-- A, @Xips ' 1) (X, pr 1),

To generate the equation corresponding to the former substitution in the
Ao-HOU algorithm, i.e., when m is a constant, consider the precooked version of
the original equation:

Ay Aa (X[ ety ep ) =ho Ay Aa, (med, e, )

and then apply the procedure MATCH,, to it. According to Lemma 9, there
exists an strategy such that the resulting unification system has the form:

XZD1+T/ [l T -r_/'ezlnpnr ] T 'e%F[TT ] TT’+T’ ] :?AU (m e%F e '61272F)/\
?
X =\o )\B1 .. .)\Bpl )\ATJrl .. ')\Ar+7" ~Xp1+r’ ANQ
where X, y, is a new meta-variable of type C'. Note that the terms e%F, cee 612121:

may change if they have an occurrence of X inside; nevertheless, we leave them
with the same name because we are interested only in the external structure of
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the term. Since m > r + 1/, the Exp rule generates the equation X, =%,
(p1 +m—rY;...Y),,) and, after an application of Replace and Normalise, we
get an unification system containing the equation

,XV:?)\Gr )\B1 "')\Bpl)\AT‘+1"')\Ar+r/'(p1 +m—rY1...Yp2)

which corresponds to the given imitation substitution.

If the other substitution is generated, i.e., if m is a bound variable with
1 < m <7/, then we can follow the strategy given by Lemma 9 and get the
unification system , , ,
Xppir[Loo el (17 ed 1711741 =5, med, ... e2, A
X :?)\or )\B1 .. .)\Bpl )\ATJrl .. ')\Ar+7" ~Xp1+r’ ANQ.
Since the precooking is a type preserving function, we have that the m-th ele-
ment of the list 1.--- .r_’.ezl)lF[TT/]. e, [17]. 17+"" has the same type of m and
the equation X, v =4, (m Y7...Y,,) is generated, which corresponds to the
given substitution. Note that, due to type conditions m € R, N {1,...,r'}. At
this point we have an interesting detail. There are some imitation substitutions
which are simulated in the Ao-HOU algorithm by elements in R, which are sup-
posed to be projections.

r’ = 0: In this case, we have that m > r, that is, the head of the rigid term
is a constant, and for each 0 < j < p; such that ps —p; +j > 0 and 7(e}) =

(€2, . +i), for all j <i < pi, Huet’s algorithm generates the substitution:

,XY)\B1 )‘BJ(J —|—m—r(X1 i"'l)"'(XIW*lerj ll))

which gives at most min(p1,p2) + 1 possible solutions. To generate the corre-
sponding substitution in the Ao-HOU algorithm, consider the precooked version
of the original equation:

Ay Aa (X[ er, ep ) =i, Aay - da(med, . ep, ).

The application of the procedure MATCH,, to this equation can be described
according to the following steps:

: 1 1 2 2
— Dec-X: X[1"] eq, ...€,,, =\, me€T, . €y -
. 1 U 2 2 _?
- Exp: (X[1"] €1, ...ep, =\,mef, .ep, JAN(X =, m—rY;...Y), , V

X ={_Ap,.X1), and the equation X =5 _m—1r Y;...Y,,_,, corresponds to
the case 7 = 0.

The other equation, i.e., X :?M Ap,.X1, is an atomisation step and, after an
application of Replace and Normalise we get the following unification sys-
tem: Xifej,. 17 €5, ...ep =5, mef, ...el, AX =], Ap, .Xi. The imitation
case for j = 1 is given by the solution in R; which corresponds to the equation
X, :?M m—r+127...Z,,_p +1. After an application of Replace we get the
desired corresponding equation X :?M Appm—r+127y...2Z,,_p +1. Repeating
this strategy, we will have at most min(p1, p2) + 1 as in Huet’s algorithm.
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PROJECTION: Suppose that Huet’s algorithm generates a projection substi-
tution for the flexible-rigid equation:
Ay - Aa, (X eg .. .611)1) =" A4, A4, .- (m el.. .612)2).

The heading of this substitution, according to the description given in section
3.2, is either of the form

/\Bl---/\Bj-lWith 1<7<m

or

ABy - AB, Ad,y, - A4, with 1< 5 <7/

r1

where i is an appropriate de Bruijn index. In the former case we have that
X/Apy - Ap; (3 —i+1(Z1j...1)...(Zs j...1)), and there exists s > 0 such
that 7(e}) =C1 — ... 5 Cs > Bjt1 — ... > By, > App1 — ... — Ay —
C. To simulate such a projection in the Ao-HOU algorithm consider the strategy
given by the procedure MATCH), until we get the unification system:
Xjlej,. - elp 171 e}HF . .e},lF =5, My - Aa,@ed, .. e?)w) ANX =%,
AB, ---Ap;-.Xj A Q where @ is a conjunction of equations. Applying the rule
Exp2 we get X; =, (j—i+1 Hi...H,) since the types are preserved by
the precooking and, after an application of Replace, we get the corresponding
equation.

When the heading has the form Ap, ... A, Aa,,, ... A4a,,;.1, the analysis is
similar. O

Proposition 6 (Correspondence from MATCH,, to MATCH (without
n)). For each index in R, UR,; generated by the rules Exp or Exp2 to a flexible-
rigid equation which is in the image of the precooking translation according to
the strategy given by the procedure MATCH ), there exists a corresponding sub-
stitution in the pure A-calculus for the image of this equation by the inverse of
the precooking translation.

Proof. Without loss of generality we may assume that the flexible-rigid equa-

tion under consideration is of the form: Aa, ... Aa, .(X[1"] el ...ep ) =5,
Aay oA, -(med, ---612)2F) where p1,pa, 7,7’ >0 and m > 0, 7(X) = By —

.— By, = A,41 — Ay — C. An application of the procedure MATCH ),
to this equation can be described as follows considering two cases:

— 1/ > 0: The initial steps are given by:

1. Dec-X: X[1"] ez, "'ezlnp =50 Moys - cAa,,mef,. "61272p)'
? ?
2. Exp2: X[1"] e%F...ezl)lF =i Moy - A4, (0 e%F...ef&F) NX =},
A, - X1.

3. Replace and Normalise:
Xiled . 7] ed el =i\ A (m e? e2 YANX =}
11€1p- 2F " Cp1p Ao Apgr - Ar+r"— 1p =" “pa2p Ao
A, - X1.
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At this point Exp2 may generate either another atomisation step, i.e.,
X1 :"7)\0_ AB,- X2, or an equation of the form X; :;U (1 Hy...H) where
1 € R,. The latter equation will not fail after an application of Replace
and Normalise if the generated unification system, which is given by:

et Hilet,. 1"]... Hlet, . 17]es,. ... e})lF =5, M,y Aa mej, .. .e%ZF)
ANX :z\g Ap,.X1 is such that the heading of e% isequal to Aa, ., ... /\AHT, .m,

A4, .-Y, otherwise. In both cases, there

i

if e} is a rigid term, or A4

e
exists an s > 0 where 7(e}) = C; — ... - C5 — By — ... = B, —
Ary1 — ... — Ay — C. But this is exactly the required condition by

Huet’s algorithm to generate the projection X/Ap,.(1(Z1 1)...(Zs 1)). Now
take the atomisation step X3 :z\g Ap,.X2. Applying the above strategy we
get: Xolejer, . 17 es, ... ezl,lF =1, My - A, @ef .. '612?2F) A
X :;g AB,AB, - X2 A X1 :z\g AB,.X2. Repeating the same analysis allows
us to conclude that an application of the rule Exp2 will generate an el-
ement in R, only if there exists s > 0 such that 7(e}) = C; — ... —
Cs - B3y — ... > B, — A1 — ... = Ay — Cfori=12 and
in this case Huet’s algorithm will also generate the projection substitution
X/Ap,Ap,-(3—1i(Z1 2 1)...(Zs 2 1)) since the type conditions are pre-
served by the back translation of the precooking.
In general, using the above strategy, we get a unification system of the form:
Xjled .ol 1] ejl+1F e = My Aa, - (moed e, ) N
X =}, A, ... A, X; AQ where 0 < j < p; and Q is a conjunction of
equations. The rule Exp2 will generate an element in 1 € R, C {1,...,j}
only if there exists s > 0 such that 7(e}) = C; — ... = Cs — Bjt1 —
.— Bp, = Ary1 — ... — Ap4pr — C which is the necessary condition for
Huet’s algorithm to generate the projection

X/Agy o Ap,(G =i+ 1UZ 3. 1) (Ze].. 1)

After a finite number of steps we get a unification system of the form:

1 1 _7 2 2
Xplep, e, T =00 Adpyy oo Aa, (et e, )

AX =5, A, AB,, - Xp, AQ". Until this point we have at most W possible
distinct projections generated in the Ao-HOU algorithm which corresponds
to the projections substitutions with headings Ap, ... Ap;.i of Huet’s algo-
rithm. Certainly X,,, has functional type because the right-hand side of the
current equation is an abstraction and, hence another atomisation step of
the form X,, =%, Aa,.,.Xp,+1 is generated by the rule Exp2. After an
application of Replace and Normalise, we get:
?

Xp1+1[l-61171F[T]- e .e%F[T]. T =50 M, - ./\AT+T,.(Q e%F . egzp) A

X =5, A3, .- Xp,+1 A Q. In this case, R, C {2,...,p1 + 1} because
the “projection” over the first argument fail since the right-hand side of the
equation is an abstraction. In this case we have at most p; distinct possible

™ Of course, the conjunctions in @ are changing, but we decided keep the name @ for

clarity.
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projections. One such “projection” i € R, C {2,...,p1 + 1} can be gener-
ated only if there exists an s > 0 such that T(ezl,l_i”) =C,—...>Cs—
B, — Ary1 — ... — Ay — C. A similar situation happens during the
following applications gf this strategy until we get the unification system:
Xpy Lo ey [17]- - e 17] 177 =i, mei .. cepy . N X =i
)‘Bl/\Bp1+r' Xp+r N @, and only at this point, we may apply the rule Exp
which requires a similar type condition to generate at most p; different equa-
tions of the form X :?)\o' )\Bl. . .)\Bp1 )\Ar+1' . '/\Ar+j'(p1 +j—i+12;... ZS).
In this way, each equation of the form X =5 Ap,...Ap,.( —i+1 Hy... Hy)
corresponds to the substitution X/Ap, ... Ap;.(j —i +1 Z1...Z,). In total,
we have at most p1.r’ possible distinct “projections” as in Huet’s algorithm.
If m > r+ 7' then m is a constant and hence p; + m —r € R; . In this case,
Huet’s algorithm always generates the substitution:

X/, ... A\B pitm—r(Zipi+r .. 1) . (Zp,p1+1 ... 1)).

p1+r! (

If 1 < m <1’ then the equation X, 4,» =%, (m Hy...H,,) is generated by
the rule Exp and, hence we have X ={, Ap, ... Ap, , ,.(u Hi ... Hp,). This
equation corresponds to the imitation substitution:

)(/AB1 .. ')\Bp1+7"'(m(zl P1 +r/. . .l) e (sz P1 +r/ .. -l))
generated by Huet’s algorithm.

r’ = 0: In this case, the original unification problem has the form

Ay A (X[ el ) ) =hg Ay A, .(med, . ep, )

where p1,p2,7 >0, m >0and 7(X) =By — ... > By, = App1 — ... —
AT+T/ — C

If m > r then R; # () and the equation X =% (m—1 Hy...Hp,_p,) is
generated. The replacement of X by the right side of this equation will not
fail in the next application of SIMPL),, only if po — p; > 0, and in this
case, this equation corresponds to the substitution X/(m —r Zy...Z,,_p, ).
Since X has functional type, an atomisation step X =%  Ap,.X; is gener-
ated. After an application of Replace and Normalise we get a unification
problem with the equation Xi[ej.. 7] €3, ...} =i, mei...el . Again,
we have that R; # () and the equation X7 =5 (1 +m—1 Hy...Hp,_p,41)
is generated and, the replacement of X; will not fail in the next application
of SIMPLy, only if po — p1 +1 > 0 and 7(e}) = T(egrmﬂ») V1l <i<p.
Hence, we get X =5 Ap,.(1+m—1 Hy...H,,_p,,+1) which corresponds to
the imitation substitution X/Ap,.(1 +m—x(Z1 1)...(Zp,—p,+1 1)) of Huet.
According to the type ofe%F, the equation X1 :;U (1 Hy ... H,)is generated,
and after a replacement we have X :;U Ag, (1 Hi...Hy), where 1 € R).
Since the precooking, and hence its inverse, is a type preserving function, we
conclude that the corresponding substitution X/Ap,.(1(Z1 1)...(Zs 1)) is
generated by Huet’s algorithm. In general, after each atomisation step, we

have a unification system containing the equation

1 1 4r 2 17 2 2
X][ejF.--- 1,1 ]ejJrlF...eplF = o M€ €
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and the element in R; generates the equation
X; :?Ao (J+m—r Hy... Hp2—p1+j)

which will not fail in the next application of SIMPL), only if po —p1+7 >0
and 7(e}) = (2, .;), Vj < i < pi. In this case, the generated equa-
tion X =, A, ... Ap,.(j+m—1 Hy...Hp,_p, +;) corresponds to the sub-
stitution X/Ap, ... Ap,.(J+m—1(Zy j...1)...(Zp,—p,4j j---1)), where
1 < j < pi1. Hence, we have at most min(p1,p2) + 1 possible distinct
imitations. The possible projections in this case are analysed in the same
way as in the previous case for the headings of the form Ap, ... Ap;.1 with

1<i<j<p.

O

In the Ao-calculus, our approach according to Huet’s algorithm can be seen
as successive calls to the procedures SIMPL,, and MATCH,, according to the
following description. In this description, we can take into account the improve-
ments described in [Bor95]. To do so, we need to consider a normalisation rule
which calculates only weak head normal forms and weak Eta-long forms of the
terms instead of Eta-long forms.

Main Procedure

INPUT: A unification system P..

OUTPUT: A success or a failure status and in the former case the solutions are
the solved equations whose left-hand side corresponds to the meta-variables of
the initial problem. If the initial problem is non-unifiable the algorithm may not
terminate.

1. If P, contains a rigid-rigid equation, then apply SIMPL), and go to the next
step, else if P, contains a non-solved flexible-rigid equation then rename it
to P, and go to the next step.

2. Apply MATCH,, to P, and let Py V...V Py, be the resulting unification
problem.

3. If the current unification problem contains a unification system not in solved
form then select it and go to step 1, else stop and report a success status.

In the appendix, we solve the same unification problem of Example 1 using
our approach to the A\o-HOU algorithm. We have so far established a compari-
son for the two procedures that forms the kernel of Huet’s algorithm in the pure
A-calculus and in the Ao-calculus of explicit substitutions. This comparison al-
lows us to better understand both Huet’s algorithm and Ac-HOU algorithm. It
is not surprising that the procedures SIMPL and MATCH can be simulated in
a calculus of explicit substitutions, but the way back, that is, how graftings (the
first-order substitutions generated by the Ao-HOU algorithm) in the Ao-calculus
can be seen in the pure A-calculus, gives good insights about how the Ao-calculus
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generates the corresponding projection and imitation substitutions for unifica-
tions problems that can be back translated to the A-calculus. An interesting fact
that carries out from our analysis is that, in the Ao-calculus without the Eta-
conversion, the equations corresponding to some imitation substitutions in the
pure A-calculus are generated by elements in the set R, which is supposed to gen-
erate projections. These comparisons, however, cannot be extended to general
unification problems in the Ao-calculus since Ao-unification problems containing
operators of the extended language which do not have a counterpart in the pure
A-calculus. That is the reason why the corresponding matching trees of Example
3 and the one in the appendix do not need to be equal. Nevertheless the final
results of the original unification problem, of course, must be the same.

5 As.-HOU versus Huet’s algorithm

In this section, we use particular strategies of the rules presented in [ARKO01] to
conclude that the algorithm presented by Ayala-Rincén and Kamareddine is a
generalisation of Huet’s one.

Definition 18 ([ARKO03]). Tuke a € Agp(X) where I' + a : T. We give to
every meta-variable X of type A in a, the same type and context I' in the
Ase-calculus. The precooking of a from Agp to the As.-calculus is defined by
ape = PC(a,0) where PC(a,n) is defined by:

(a) PC(Ag.a,n) = Ag.PC(a,n+1) (b) PC((a b),n) = PC(a,n) PC(b,n)
(c) PC(k,n) =k (d) PO(X,n) = {;(é*lX, Zojjfl?erw?se.
Definition 19 ([ARKO1]). Let t be a As.-normal term whose root operator
is either o or ¢ and let X be its leftmost innermost meta-variable. Denote by
¢f: the k-th operator following the sequence of operators o and ¢, considering
only left arguments of the o operators, in the innermost outermost ordering.
Additionally, if 1%1‘ corresponds to an operator ¢ then ji and iy denote its su-

perscripts and subscripts, respectively, and if 1%1‘ corresponds to an operator o

then ji, = 0 and iy denote its superscript. Let ay denote the corresponding right
gk _

argument of the k-th operator if 1/)Zf = o' and the empty argument if vir = cpzf
The skeleton of t, written as sk(t), is wf;’ e fll (X,a1,...,ap).

Ezample 2. The skeleton of the Asc-term ¢!° (012 (¢ (X o™ a)))ob) is given by
prottel oot (X, a,b).

The following result is worthwhile to understand the structure of a As.-
normal form for flexible terms:

Lemma 10 ([ARKO1]). Let t be a Asc-normal term whose root operator is
either o or ¢ and let sk(t) = @[Jf: (X an, .., ap). Successive subscripts iy,
and ix41 satisfy the following:
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1. i > igy1 if Yr and Ygy1 are both o or both ¢ operators;
2. i > ig+1 of Y and Y41 are ¢ and o operators, respectively;
8. ik > ik + 1 if Y and Y1 are o and @ operators, respectively;

According to this lemma, the sequence 41, . . ., %, of subscripts is non-increasing.
Hence, As.-flexible terms in normal form can be determined up to simple arith-
metic constraints.

The unification rules in the As.-calculus are given in Tables 5 and 6.

PAXa.er = Aa.es
Dec-\
PAe =" es
P/\g(@%7...761) 272(6%7"'762)
Dec-App P Aol 7 2p T 2p
e;="e1N...Ney ="¢€3
PAn(el,....el ) ="m(e,..., €
App-Fail nler, - ep) i mler, .-, p2)7 if m # n.
Fail
PAXse= (me?...e2
Dec-App-)\ 4 20 .(_ ! )
Fail

Table 5. Unification Rules for the As.-calculus (part I)

5.1 A note on the As.-HOU rules.

The rules presented in Tables 5 and 6 are slightly different from the ones pre-
sented in [ARKO1]. In particular, we added the rule Dec-App-A for unification
without Eta-conversion and we omitted the rule Dec-¢. In fact, the rule Dec-¢
is not necessary in the As.-HOU algorithm (despite its correctness and com-
pleteness) because is not useful neither to foresee a failure status nor to decrease
the number of unification steps since it is supposed to be applied during the
application of a normalisation step.

The following result formalises the fact that the rule Dec-¢ is not essential
in the As.-unification algorithm.

Lemma 11 ([ARKOL1]). Solved problems are normalised for the Ase-unification
rules and, conversely, if a system is a conjunction of equations that cannot be
reduced by applying the As.-unification rules then it is solved.

Proof. The proof is the same as that of Lemma 5.10 (page 515) in [ARKO1],
except that the last paragraph of this proof should be omitted because, by hy-
pothesis we are considering a normalised problem and hence, there is no equation
with ¢ as main operator on both sides of a flexible-rigid or a rigid-rigid equation
in Ase-normal form. O
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Exp-\

Exp-App

Replace

Normalise

P
Y :(AI'+B),PANX :?M AaY
if(X:I'tA— B)eTVar(P),Y & TVar(P),
and X is not a solved variable.

Pmp{;“...zp{ll (X,a1,eeap) =3 m(b1 e sbg)A \/ 3Hy . 3HE, X =}, £(H1,... Hy)
rERpUR;

if wi‘; .. ¢fll (X,a1,...,ap) is the skeleton of a Ase normal term,

and X has an atomic type and is not solved.

where Hi, ..., H; are meta-variables of appropriate types,

not occurring in P, with the contexts I'y, = I'x, R, is the subset of

{i1,...,1ip} of superscripts of the o operator such that r(Hu,..., Hx)

has the right type, R; = Up_q if ix > m+p—k — X, 151 > ik

then {m +p—k— X7, . 5} else 0, where ip = oo and ip41 = 0.

PAX =}, t
{(X/H(PYNX ={,,
ifte X =1teTVar(P).

if X € TVar(P),X ¢ TVar(t) and

PAer 2358 ey . .

— if e1 or ez is not in long form.

PA €1 =)o €2

where €] (resp. e3) is the long form of e; (resp. e2) if e1 (resp. e2)
is not a solved variable and

e1 (resp. ez) otherwise.

Table 6. Unification Rules for the Ase-calculus (part II)
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Theorem 5 ([ARKO1]). The As.-unification rules are correct and complete.

Proof. Here we detail the proof which is only sketched in [ARKO01]. We split the
proof in two parts:

1. Correctness:
Dec-): If o is a unifier of @ =}, b then ¢ is also a unifier of Ax.a =5, Aa.b
because no substitution applies on the root of the terms As.a or A4.b and
hence (Aa.a)o =xs, (Aa.b)o = Aa.(ac) =xs, Aa.(bo), which is unifiable by
hypothesis.
Dec-App: Let o be a unifier of the conjunction of equations

? ?
aiq =s. bl/\/\an =se bn

Applying o to the equationkay . .. a, =3, kbi...b,, wegetkaio...an0 =3
kbio...b,o which is unifiable.

App-Fail: Straightforward since Fail has no unifier.

Exp-)\: Let o be a unifier of P A X =}, Aa.Y where X is a meta-variable
of functional type that occurs in P. Then o is also a unifier of smaller (and
simpler) unification problem P.

Exp-App: Let o be a unifier of P A X :?)\Se rby...by, where X is a meta-
variable of atomic type that occurs in P. Then certainly o is also a unifier
of P since it is a simpler problem, that is, it is the same original problem
without one equation.

Replace: Let o be a unifier of P{X/a} A X =}, a. Then o also unifies
PAX :?As,, a because they are the same unification problem but P{X/a}
does not have occurrences of X anymore.

Normalise: Let o be a unifier of PAa’ =3, b', where a’ and b’ are the normal
forms of a and b respectively. Certainly, all the meta-variables that appear
in a’ (resp. V') also appear in a (resp. b). After applying o to a =§se b the

Se

f-redexes remain unchanged and, after a normalisation we get a’c =}, b
which is unifiable by hypothesis.

2. Completeness:
Dec-): Let o be a unifier of A4.a :?)\Sc Aa.b. Since o does not apply on the
root of the terms, we have that (As.a)o :;se (Aa.b)o must be the same as
Aa.(ao) =3, Aa.(bo) and therefore, ac =3, bo.
Dec-App: Let o be a unifier of (kaj...a,) zise (kb1 ...by). Then since
the typed Ase-calculus is weakly terminating and confluent we have that
(kajy ...an)o :;Sc (kby...bp)o & kayo...an0 :;Sc kbio...b,o, and then
o unifies a; :?As,, b;, V1 <i<n.
App-Fail: Straightforward since a rigid-rigid equation with different heads
is not unifiable.
Exp-A\: If 0 is a unifier of P in which the meta-variable X of functional type,
say A — B, occur and X o = a then we can assume that a is of the form A\ 4.a’
where o’ has type B. Let us define ¢’ such that VX € Dom(c),Xo = Xo’
and Yo' = a’. Then ¢’ is a unifier of P A X =}, Xa.Y, which shows that o
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unifies P A X :;SF Y.

Exp-App: Done in [ARKO1].

Normalise: Straightforward since grafting and reduction commute.
Replace: The proof is as in the first order case. O

In the following, we give a description of the As.-HOU algorithm according
to Huet’s approach.

Procedure SIMPL,;,

INPUT: A unification problem P, with at least one rigid-rigid equation.

OUTPUT: A terminal (failure or success) status or an equivalent unification prob-
lem Fq without rigid-rigid equations and containing at least one flexible-rigid
equation.

Assume that Dec-)\ is applied eagerly.
WHILE there exists a rigid-rigid equation in P, DO:

1. Apply Dec-App-)\ or App-Fail.
2. Apply Dec-App and, if the resulting unification problem contains a flexible-
rigid equation, call it P, and give P, as result, else stop and report a success

status.
DONE.

Procedure MATCH,,

INPUT: A unification system P, with at least one flexible-rigid equation.
OUTPUT: A disjunction of equivalent unification systems, written Py V...V Pyy.
Assume that Dec-)\ is applied eagerly.

1. Apply Exp-)\ and Replace as much as possible to the selected flexible-rigid
equation and call Pé the resulting unification system.
2. Apply Exp-App and Replace and Normalise to Pé and call Py V... Py,

the resulting unification problem.
The Main Procedure

INPUT: A unification system P..

OUTPUT: A success or a failure status and in the former case the solutions are
the solved equations whose left-hand side corresponds the meta-variables of the
initial problem. If the initial problem is non-unifiable the algorithm may not
terminate.

1. If P, contains a rigid-rigid equation then apply SIMPL,,, to it, else if P,
contains a non-solved flexible-rigid equation then rename it to P, and go to
the next step.

2. Apply MATCH,,, to P, and let Py; V...V Py, be the resulting unification
problem.

3. If the current unification problem contains a unification system not in solved
form then select it and go to step 1, else stop and report a success status.
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6 Comparing the Ao- and the As.-styles of unification

In this section we give a formal comparison between the Ao- and the As.-HOU
algorithms. This is done by operators that translate Ao-terms into As.-terms
and vice-versa. Note that the rules used to simplify rigid-rigid equations are
essentially the same in both calculi: Dec-\, Dec-App and Dec-Fail (which is
called App-Fail in the As.-calculus) which allow us to conclude that SIMPL,,
and SIMPL);, do the same job for rigid-rigid equations.

The comparison between MATCH),, and MATCH,,, consists basically in
showing that the equations generated by the former correspond, in the sense
of Definition 17, to the equations generated by the latter and vice-versa. This
definition can be specialised to the explicit substitutions calculi treated here as
follows:

Definition 20. Let X =}_a and X :;Sc a’ be two flexible-rigid equations in the
Ao- and Ase-calculus respectively. These equations are said to be corresponding
(or associated) if a and a’ have the same heading.

Equations as in the previous definition are generated by the rule Exp-App
of both calculi, that we will denote so far by Exp-App, and Exp-App.s, -
We start by defining an operator that translates As.-terms into Ao-terms.

Definition 21. The operator T : Axs, — Axo is defined inductively as:

(@) T(X) = X () T() = 1[1"] (&) T(a b) = T(a) T(b) (d) T(\.a) = \T(a)
(e) T(acb) = T(a)[1.2.- -+ .i — 1.T)[1"1]. 171, where i > 1.

(f) T(pi(a)) = T(a)[L.2.- - k. 1571, where k >0 and i > 1.

If r = 0 in the list 1.--- .xr, then it is to be interpreted as the empty list. In
addition, 1°= id.

The next proposition shows that the operator T translates a As.-term into
a Ao-term preserving the context and the type of the term as well as the corre-
sponding sub-terms.

Proposition 7 (Preservation of types by T). Let I" be a context, A a type
and a a term in the language of the Ase-calculus such that I' b a : A. Then
I'T(a): A.

Proof. Let a € A, such that I'F a : A, and note that a context is represented
by a list of types in both the Ao and the As.-calculus. The proof is by structural
induction on a and in this proof as well as in the proof of Proposition 8 we use
decorated terms like a’} meaning that the term a has context I" and type A.
— If oy = X1 then T(X}) = X] =T(a)}.
— If a!y = nl| then the n-th element of I must be the type A, therefore T'(nl}) =
nl = T(a)}
Dy A
— If aly = (b ¢)% then, by the type rules of the Asc-calculus, there exists
a type B such that bL_ ,, and hence (b5 _ ,cE)L. Therefore, T(a}) =

Tosa ) < T01p) T ¥ TOIp T = 0 TV, =
A)y-
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—Ifdk = )\Bb then A" and T(Aa.ah) = A\a.T(a)5
A= c B B

_ T(( I'e;. BF>L ZbF>1)£) _

i.B.I's; . I'>ipai— i—1
<T(a>£< 22 A= 1T 1Y 2]>A,wherez>1
i Tek-Tsips TFep-Tspys
— T((@(ay™ =) = T(a) = (12 k—1k PHHOE
where kK > 0 and ¢ > 1.
O

The following lemmas are technical results used to prove the correspondence
between the procedures MATCH,, and MATCH,,.

Lemma 12. Let <p cpjll( ) be the skeleton of a flexible term in As.-normal
form. Then, the \o- normal form of T(gog: @f: (X)) is given by
X[12dp—Lipip+ 14+ (Gp— 1) ndpo1 — 1+ (Gp — 1) dp-1+ (Gp — 1)
ip 1+ 14+ (Gp+ip1—2) - dx—1—(p—k) +> 5 k+1j1'

ik—(p— k)+21 k+1Jllk+1_(P k+1)+21 gJie

A= 1-(p-D+3F jrdi— (- 1)+ 30 551 177 p+zl=1jl]

Proof. By induction on p. If p = 1 then X[1.2.--- .13 — 1.i;3. 17171 is ob-
tained by the definition of T Suppose that the result holds for p — 1, i.e., that
the normal form of T'(¢; ]p Lol (X)) s given by

X[lz . .lp,]. - 1'1})*1 lp,]. +1+ (jp*l - 1) .

ik—1-(p—k— 1)+Z}1);11+1j1~ik—(P—k—1) + >0 k+1J1
ik+1-(p—-k+ 21 kjl i —1-(p-2)+ Zl 2j1

f—(p—2) £ 3hot gy 1 DR

The induction step is given by:

T(plr . ol (X)) Tl Ll (X)[L2 - dp — Ly, [t
X[12 - dp g —1dp g.dp. 1+1+(jp,1—1).

dg—1—(p— k_1)+21 k+1311k_(P_k_1) 21 k+1Jl
1k+1_(P_k) 21 kjl i -1-(p—2)+ Zl 2j1

I

_( ) Zl le Th (p— 1)+Ef=711.71][l'2.,, _ 1 1 szJrjp 1]
and we get the result after o-normalisation because i, < i,_1 according to
Lemma 10. U
Lemma 13. Let o' ...0"(X,a1,...,a,) be the skeleton of a flexible term in
Ase-normal form. Then, the Ao-normal form of T(c% ...0"(X,aq,...,a,)) is
given by
X120 dp— Lap[1 Hodp. o ipq — 2.ap1 [T 72 dpg — 1.+

dp—1—(p—k).ap[T* 1 =P=F]ip — (p—k).--- iy —p.ag[1P P 197P).
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Proof. By induction on p. If p =1 then
T(o"(X,a1)) = X[1.2.--- iy — Lag [T 1. 7971

is consequence of th(_e definition of T'. Suppose that the result holds for p — 1,
that is, T (o1 ...0" (X, a1,...,ap—1)) = X[1.2.- -+ ip_y — 1.
ap_1 [T 17 ip g iy —p + keag[[* PHF iy —p+k+1.---.
iy —p+ Lag[T0—PFL pa-pHl
The induction step is given by: T'(¢% ...0" (X, a1,...,a,))
T(o»=t...0"(X,a1,...,ap—1))[1.- -+ dip — Laap[T» 1. 171
X[1.2. -+ dpg — Lap [T Hip g, ik —p+ kap[T* PHFliy—p+k+ 1.

cig —p+ Lag [T PR P12, i, — L[ 1T

and we get the result after the o-normalisation because i, < ¢,—1 according to
Lemma 10. O

def

HI

Lemma 14. Let wf;’ . ¢le (X,a1,...,ap) be the skeleton of a flexible term in
Ase-normal form. Then, the Ao-normal form of T(wf: . wljll (X,a1,...,ap)) is

a flezible term of the form X[by.--- .by. T"] such that, for each ¢Zf (1<k<p)
which is a o operator, the ix-th element of the substitution by.--- .b.. T™ is equal
to ai[s] for some substitution s.

Proof. Suppose that 1/;{: is the first o operator from the left to right in
wf;’ . ¢le (X,a1,...,ap). Then, according to Lemma 12, we have that
T . (X a1, ap) = T(o®g 7l (X an,. . ap) (1.2
ip—lipdp+1+4(Jp—1).-- ipo1 =14 (p —1)ip-1 + (Gp — 1)
ip 1 +14+(Gp+dp1—2) - Akt —1—(p—k—1)+> 5 i1
i1 — (P—k— 1)+ Y0, g 1 PRI =

TPt (X ar, . apo1)) (L - k= Lag TR (L2,
ip —lipip+ 14 (Gp— 1) dpoy =1+ (Gp — Ddps + (Gp — 1)
ip 1 +14+(Gp+dp1—2) - Akt —1—(p—k—1)+> 5 i1
feps — (P —k— 1)+ 30, o P TP =

Tt (X ey, ap))[L2 0 dp— Lipip + 14 (Gp— 1)
dp1 -1+ (jp — 1)-ip—1 + (jp — 1)-ip—1 +1+ (jp +Jp-1— 2).-
dgpr—1—=(p—k—1)+ 37 Liriknn —(P—k—1)+> 0,
gt 1 (p—%)+ 20 dr k=1 —(p—K) + 30 g
ak[Tik—lf(P*k)Jer:kH jz]' Tikflf(P*k)Jer:kH jl]

and since jx = 0 this term can be rewritten as
T (Xoar, e ag-1)) 120 dp — Lipdp + 14+ (Jp— 1)

Tk—1
dp1—1+ (jp — 1)‘ipfl + (jp — 1)'ipfl +1+ (jp +Jp-1 — 2).--
dgpr—1—(p—k—1)+ >3 Lirdkp—(p—k—1)+> 0 .,

igpr L= (p—%)+ > g k=1 (p—k)+ 30 i
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ak”l’k—l—(p—kHZ?:k a]. pir—1=(p=R)+ )k i),

If Zj:_’ll = o1 then T'( Zj:_’; . Zjll (X,a1,...,05-2))[1.2. -+ .ig—q — 1.
ap—1 [T o120 iy — Lipdp + 1+ (Gp— 1) -
ip1—1+ (jp — 1)-ip—1 + (jp — 1)-ip—_1+ 1+ (jp +Jp-1— 2)- e
dgpr—1—=(p—k—1)+3 8  Liriknn —(P—k—1)+>0 ,
igpr +1- (P_k)+2}1):k+1jl"" Ak — 1_(P_k)+211):kj1'
ak[Tik—l—(P—k)'FZ?:k a]. Tie—1=(p=R)+30 7]

and since ip_1 > ik, we have, after a o-normalisation, that:

T2 (X a1, ak )12 dp — Lipip + 14 (Gp— 1) -
dp1 -1+ (jp _ 1)-ip—1 + (jp _ 1)-ip—1 +1+ (jp +Jp-1— 2).-
dgpr—1—=(p—k—1)+3 8 ik —(P—k—1)+> 0,
igpr +1- (P_k)+2}1):k+1jl"" Ak — 1_(P_k)+211):kj1'

ap[1 1m0 RFE ) 4, 41— (p— k) + S LG

i 1—1—(p— %)+ 3P, jr.ap [Tl R g ik (=R ]
and since Jk—1 = 0 this term can be rewritten as

T2 (X a1, ak2)) L2+ dp — Lipdp+ 14 (Jp— 1)+
dp1 -1+ (jp _ 1)-ip—1 + (jp _ 1)-ip—1 +1+ (jp +Jp-1— 2).-
dgpr—1—=(p—k—1)+ 33 Liriknn—(P—k—1)+>0  ,
igpr +1- (P_k)+2}1):k+1jl"" Ak — 1_(P_k)+211):kj1'

ap[1# 1R+ E 0] 4y 41— (p— k) + S G-

A — 1= (p—K) + 5 rap [P T ETRTR L,
Tik—l—(:v—k)-*-Zf:k_l jz]

and if the other operators are o operators the process continues in this way
because, in this case,

ikt > ipen > ... > dp. ) = l*1 then

T2 (X ar, . ap))[L2 - ey, TR (120 iy — 1y,
i, +1+ (jp — 1). ceeipg— 14 (jp — 1).ip,1 + (jp — 1).
ip—1+1+Gp+dp-1—2).-- A1 —1—(p—k—1)+ Ei):k+2jl'

i —(P—k—1)+ >0 odrdkr +1—(P—K) + D5 i d1 e

L~ 1 (p—K) + D2, Joapll" 0 PFEIa [u iR )
According to Lemma 10, we have that ix_1 > i, and hence the o-normalisation
of the last term is given by

T(pir 2 i (X, an, . ap—2))[L.2. -+ dip — Lipdp + 1+ (Gp—1). -

dp1 -1+ (jp _ 1)-ip—1 + (jp _ 1)-ip—1 +1+ (jp +Jp-1— 2).-
dgpr—1—=(p—k—1)+ 37 ik —(P—k—1)+> 0,

igpr +1- (P_k)+z}1):k+1jl"" Ak — 1_(P_k)+211):kj1'

ap [T TR 4 41— (p—k+ 1)+ D Ga
Ag—1—1—(p—k+1)+ Zizkjl-ik—i —(p—k+1)+ le):kjl-
Tik—l—l—(P—k+1)+Z§;k jl]
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and if other operators in this sequence are ¢ operators, the process continues in
this way because, in this case, ix—1 > tg—2 > ... > i, (r > 1). If i, is again a o
operator we are in the same situation of the beginning of the proof. O

Theorem 6 (Correspondence from MATCH,,, to MATCH,,). Let
¢f§ (X an, . ap) =5, (@b .. by) be a flexible-rigid equation in the As.-
calculus, where X has atomic type. Then, for each equation generated by the rule
Exp-Apps, there exists a corresponding equation in the Ao-calculus generated
by the rule Exp-Appas for the equation

T .. (X, a1,...,ap) =5, T@by ...by)

p

Proof. Suppose that one step of the rule Exp-App.s, generates the equation
X :;Sc (r Hy ... H,). Then we have two cases to consider:

CASE 1: r € R, where R, is a subset of {i1, ...} of the superscripts of the
o operator. Then there exists 1 < k < p such that r = ig. This is possible only
if the target type of ay coincides with the (atomic) type of X. Therefore, since
T is a type preserving operator, we have, as consequence of Lemma 14, that the
k-th element of the substitution in the image of the given flexible-rigid equation
also has target type equal to the type of X; and this is exactly the condition
required by the rule Exp-App), to generate the equation X zio (ik Y1...Y5),
which corresponds to the given substitution in the As.-calculus.

CASE 2: r € R;, where R; =U)_, ifix >m+p—k— X]_ jt1Ji > ik41 then
{m+p—k—X, 1j} else 0, and ig = oo and i,41 = 0. By hypotheses, there
exists 0 < k < p such that r =m+p—k - X, 4.

If ¥ = pthen r = m and m < i,. If wf: = o' then m < i, because
we already considered the case where r coincides with the superscript of a
o operator. From the definition of T, we have that the Ao-normal form of
T(wf;’ YN (X a1, .., ap)) is a term of the form X([1.2.--- iy —1.cp. oo e T°
|, where ¢1,..., ¢, are terms in Ao-normal form and s € N. Since T is a type
preserving operator, we conclude that the m-th element in the substitution
1.2.--- iy —1l.ci. -+ .cp. 19 has target type equal to the type of X and hence the

rule Exp-App,, will generate the substitution X =% (m Y;...Y;). If wf: = gof;’
then the Ao-normal form of T(¢f§ e 1/)511 (X,a1,...,ap)) is a term of the form
X[1.2.--- dp—Lip.cr.--- .cp. 1%], where ¢y, ..., ¢, are terms in Ao-normal form
and s € N. Since T is a type preserving operator, we conclude that the m-th
element in the substitution 1.2.--- .ip — 1.ip.c1.- -+ .c,. T° has target type equal
to the type of X and hence the rule Exp-App,o, will generate the substitution
X=5 mYy...Yy).

Ifk=0thenr=m+p—>"1_ jiand r > iy, that is, m+p— Y7, j1 >
h=>m>i—p+ qu j1- We also have that the normal form of

T .. .9l (X, a1,...,aqp))

p
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is of the form XJcy.- - .cj;. TP+, Jt] and hence the rule Exp-Appy, gen-
erates the equation

P
X=4, (m— (i —p+ Y j1)+i ¥1...Yy)

1=1

that is, X =5, m+p— ¢ _,j1V1...Ys) =(x ¥7...Y).
If 0 < k < p and since ix41 <7 < ik, i€, g1 <m+p—Fk— Ef:kﬂjl < i,
we have that m > ig11 —p+k + Z{’:kﬂjl. The Ao-normal form of

T .. (X, a1, .. ap))

P

has shape of the form XJc;.--- .c;;. 7], where the r-th element of the substitu-
tion ¢;.--- .¢i;. 1% is a de Bruijn index and has target type equal to the type of
X because T is a type preserving operator. Therefore, the rule Exp-App), will
generate the substitution X :?M (xYr...Ys). O

FEzample 3. Consider the unification problem
Pt (93 X)o"a)o®p) =3, (6b1...b,)

The Exp-Appys, rule generates the equation X :;Sc (4 Hy...Hy). The Ao-
normal form of T(¢f(((p2X)o%a)a3b)) is computed according to the following

T(£1(((97X)0%a)o’h)) =

T(((¢7X)a%a)o’b)[1. 1*] =
T((3X)oa)[1.2.T(b)[1]. 1%L 11] =5
T((¢3X)o°a)[L.5.T(H)[1°]. 1°] =

T(w?X)[l 2.34.T(a)[1]. 1DLE.T(B)[1%). 1°] =7
T(p7X)[LET(b)[1° ] T(a)[1%]. 1°] =

X[1.5.7(0)[1°].6.7(a )[TG] 7.8 119)

The rule Exp-App,, generates the corresponding equation X =5_ 4(Y;...Y,)
which corresponds to the selection of the de Bruijn index 6 inside the substitution
L5T()[1%].6.T(a)[1).7.8. 11°.

The surprising result is that the other direction of the previous theorem is also
true, that is, if an application of the rule Exp-App), generates an equation in
the Ao-calculus then the application of the rule Exp-App,s, to the translation
of this equation to the As.-calculus generates a corresponding equation. In order
to prove this result, let us first define a partial translation operator, which is
able to express the simultaneous substitutions of the Ao-calculus into the As.-
calculus.

Definition 22. The operator L : Axy—terns — Axs, s defined inductively as:
L(X)=X
L(1[1™"Y]) = m, where m € N
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L(a b) = L(a) L(b)

L(X.a) = X.L(a)

L(alay.az. - -.ap. 1"]) = o'...o? oPpptt(L(a), L(ap), L(ap-1),. . ., L(az), L(a1)),
where ay.az.---.ap. T™ is a substitution in Ao-normal form, and n,p > 0.

It is important to note that the operator L is partial, since there is no trans-
lation for substitutions. In addition, the substitutions s that appear in terms of
the form a[s] must be in normal Ao-form. This is not a severe restriction because
for a given unification problem which is not in Ac-normal form, one can always
apply the rule Normalise and get an equivalent unification problem which is
normalised. The operator L also preserves types as is proved by the following
proposition.

Proposition 8 (Preservation of types by L). Let I' be a context, A a type
and a a term in the language of the Ao-calculus such that I' - a : A. Then
I'k L(a) : A.

Proof. Let a € A, such that I' - a : A. The proof is by structural induction on
a:

— If al{ = X1 then L(XY) = X} = L(a).

— If al{ = (1[1"71])4 then the n-th element of I" must be the type A, therefore
L((L['Dh) = ol = L(a)y.

— If aly = (b ¢)} then, by the type rules of the Ao-calculus, there exists a type B

such that b5, ,, and hence (b5 _, L)% Therefore, L(ak) = L(bp—a ck) et

LY ) L(ch) F LO), 5 L(e)h = (L(b) L)} = L(a)}.
— If aly = (\p.b)4 then b4 and L(Aa.ah) = Aa.L(a)§
-~ L(ail'”' ,Ap-F2"+1[(a1£1. . -ap{;p-Tngan)gl,--- ~Ap~an+1]£) =
ol . O.p—la.p((p;L—Fl(L(a)gl,-.. ,Ap~F2n+1)£1.-.. 'Ap-F’ L(ap)ﬂp,L(&p—l)£p717 o
L(az)k,, Llan)} )
0

Theorem 7 (Correspondence from MATCH,, to MATCH,,, ). Let

Xlay. -+ .ap. "] =%, (mb1...by) be a flexible-rigid equation in the Ao-calculus,
where X has atomic type and ay.--- .ap. T" is a Ao-normal substitution. Then,
for each equation generated by the rule EXp-Apps there exists a corresponding
equation in the As.-calculus generated by the rule Exp-Appas, for the equation

L(X[ay. - .ap. 1)) =5, @ L(b1)... L(by))

Proof. Suppose that the equation X =% rH;...H; is generated after an ap-
plication of Exp-App,, to the equation X[aj.- - .ap. 1% =%, (m by...b,). If
r € {1,...,p} then the target type of a, must be equal to the type of X. Since
the operator L preserves types (Proposition 8), we have that the target type of
L(a,) is also equal to the type of X and then, for the equation

ot 0P ol (X, L(ay), L(ay—1), ..., L(a1)) =4, m L(b1) ... L(b,)
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we have that Exp-Appas, will generate the projection X :;Sc rY;...Ys.

If r = m —n+ p then m > n and this corresponds to an imitation step,
i.e., r is such that, after the normalisation step, its normal form corresponds
to m. Of course, the target type of r must be equal to the type of X. It is
easy to verify that the sole possible imitation generated by Exp-Appas, is
X =}, m—n+pY;...Y, which corresponds to the equation generated in the
Ao-calculus. |

The comparison of the Ao- and As.-styles of unification is an important step
in understanding the relation among different styles of explicit substitutions as
well as the benefits which can be obtained including HOU via explicit substi-
tutions in computational systems such as programming languages and proof
assistants.

The results of this section allow us to give a general overview of the unification
process in both Ao- and As.-styles of explicit substitutions. These results can be
formalised as follows.

Theorem 8 (Correspondence between MATCH,,, and MATCH,,).
Let P be a unification problem in the simply typed A-calculus, and Py its precook-
ing translation to the &-calculus of explicit substitutions, where & € {A\o, As.}.
Then Py, is unifiable if and only if Pys, is unifiable. Moreover, whenever unifiers
exist, they are associated in the sense of Definition 20.

Proof. This is a corollary of Theorems 6 and 7. (]

The previous result can be extended to unification problems of the language
of the explicit substitutions calculus that are not necessarily generated by uni-
fication problems from the pure A-calculus. In fact, unification problems in the
Ao-calculus are conjunctions of equations between terms and, since there is no
Ao-unification rules that apply to substitutions, it is always possible to trans-
late a unification problem from the Ao-calculus to the As.-calculus by the given
translation operator.

Corollary 1. Let Py, be a unification problem in the Ao-calculus of explicit sub-
stitutions, and L(Pys ) its translation to the As.-calculus of explicit substitutions.
Then Py is unifiable if and only if L(Px,) is unifiable. Moreover, whenever uni-
fiers exists, they are associated in the sense of Definition 20.

7 Conclusions and Future Work

This paper focuses on the formalisation of Huet’s higher order unification (HOU)
and its relation to HOU based on explicit substitutions calculi. For this purpose
we introduced a structural notation called unification tree which allows a clear
presentation of Huet’s algorithm in de Bruijn notation. This notation includes a
tree structure and subscripts used for interconnecting in a natural way unification
problems derived from applications of the procedures SIMPL and MATCH of
Huet’s algorithm. In the context of this paper, unification trees were applied to
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A-terms with de Bruijn indexes, but they can also be applied to A-calculus with
names without major modifications.

With the above formalisation of Huet’s HOU in the A-calculus with de Bruijn
notation, we could formalise the relation between Huet’s HOU and HOU meth-
ods based on explicit substitutions. We compared the classical method of Huet
for HOU in the simply typed A-calculus [Hue75] and the Ao-HOU algorithm
presented by Dowek, Hardin and Kirchner [DHKO00]. To do so, we translated
Huet’s algorithm to the language of the simply typed A-calculus in de Bruijn
notation and, using particular strategies of the inference rules of the Ao-HOU
algorithm, we described the counterpart of the procedures SIMPL and MATCH,
called SIMPL), and MATCH,,, respectively. We proved that there exists a cor-
respondence between the substitutions generated by Huet’s algorithm and the
graftings generated by the A\o-HOU algorithm for unification problems which are
in the image of the precooking translation. Nevertheless, if we drop n-conversion,
some imitation substitutions are simulated by elements in R, which are supposed
to be projections. In addition, our correspondence allows us to formalise the fact
that the method of HOU via explicit substitution & la [DHKO0] is a generalisation
of Huet’s HOU algorithm. This comparison was easily extended to the As.-HOU
algorithm [ARKO01]. We compared the Ao- and the As.-styles of unification by
translating As.-terms into equivalent Ao-terms and vice-versa. In this compari-
son, we concluded that the Ao- and the As.-HOU algorithms generate associated
graftings. Therefore, although the language of the Ao-calculus can be seen as a
refinement of the language of the As.-calculus, because every A\s.-expression can
be translated into a Ao-expression but not vice-versa, the As.-calculus is powerful
enough to solve exactly the same problems that are solvable in the Ao-calculus
using the translation operators. In this sense, several advantages of using the
Ase-calculus can be pointed out:

— The Asc-calculus has a simple grammar that uses just an updating and a
substitution operators, namely ¢}, and o7, respectively.

— The Ase-calculus is closer to the pure A-calculus and uses all de Bruijn in-
dexes, instead of the codification used in the Ao-calculus. Using all de Bruijn
indexes is easier for human reading.

— The Ase-calculus is expressive enough to solve all the unification problems
that are solvable in the Ao-calculus, even the ones that are not originated
from the pure A-calculus.

We believe this formalisation is worthwhile for having a good understand-
ing of the novel alternative of HOU via general explicit substitutions calculi
and contributes to current research related to the design and implementation of
higher-order computational environments.
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A Appendix: Unification in the Ao-calculus

A4 (X[113) =%, Aa-2(43)

? ?
x =3, /\A/ &xa 1 Aa-(X[1]8) =5, Aa-2043)

,
X1ls 11 =3, 2083 23 =%, 243 X =5, 2a-X1
?
X1 =%, 2X2 EIMPL’)\G X103 11 =%, 28
n Xy =%_2x
? 1= £A2
2(X2[3. T]) =3, 2(43) Ao
?
SIMPL 2(X2[3 1)) =3, 2(43)
SIMPL},

Xo[a. 1] =4, 43

)
ot ot Xol 11=3,43
2=%01 2 =5, X3 o, )
2 T)o Xo =5\, 4X3
3= a3 4(X3[3. 1) =% 43
270 22 R T 22 4(X33. =7 a3
N a(xala YD) =%, 22
-
SIMPL, SIMPL,
SIMPL, SIMPL,
T . —
Xl 1 =5, 3 N Xgl3. 1123, 2
? _7 7 ?
X3 =3,1 X3 =34 3 X3 =)o L X3 =35,3
I 2 ? ?
3=)s3 3=3s3 3=3s3 3=3s3

Fig. 6. Ao-matching tree (without Eta- Fig.7. MAo-matching tree (with Eta-
conversion). conversion).

Consider the unification problem P = {\4.(X 3) =" A\4.2(4 3)} over the
context ' = A — BAA — Anil and I' F X : A — B. The precooked
translation of P is given by Pp = {\a.(X[1] 8) =%, Aa.2(4 3)}. Note that, for
the sake of clarity, we use n to denote 1[7"~}], i.e., we avoid writing the usual
codification of de Bruijn indexes in the Ao-calculus. The algorithm (without
Eta-conversion) runs as follows:

Aa-(X[1]8) =5, Aa-2(4 3)

_>Dec-A

(X[1]3) =5, 2(43)

_Exp

ﬂg((fm 3=5,243)AX =, 1)V (X[1]3=},2(43) A X =, \a.X1))
_,Replace

3);11((2 3 ;30 243) A X =5, 1)V ((Aa.X1)[1]3=],2(43) A X =, Xa.X1))

3X,((23=5,2(43) A X =5, 1)V (X1[3. 1] =4, 2(4 3) A X =5, Aa.X1))
_,Dec-App

AX1(B =5, (@3)AX =}, 1)V (X1[38. 1] =5, 2(43) A X =, Aa.X1))
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_,Dec-Fail

X1 (X1 [3.1] =5, 2(4 3) A X =5, Aa.X1))

_Exp

AX,3X((X1[3. 1] =5, 2(43) A X =], Aa. X1 A X; =5, 2 X))

_,Replace

3X13X5((2 X2)[3. 1] =5, 2(4 3) A X =], Aa.(2 X2) A X1 =, 2 X>)
_,Normalise

3X13X2(2 X2[3. 1] =1, 24 3) A X =1, Aa.(2 X2) A X1 =3, 2 X2)

_,Dec-App

3X13X2(X2[§ T] :?Ao (é §) ANX :?)\o )\A(z Xg) N X4 :?)\o 2 Xg)

_,Exp

3X13X23X3(X2[§ T] :;o_ (é §) ANX :?)\or )\A(g Xg) N X4 :?)\or 2Xo5AN

X5 :;o_ 1 X3) \Y

3X133(23X3(X2[§ T] :?Ao (é §) ANX :?)\o )\A(g Xg) N X4 :?)\o 2Xo5AN

Xo =\o 4 X3)

_,Replace

X713 X23X3((1 X3)[3. 1] =5, (43)AX =, M2 (L X)) A X1 =3, 2 (L X3)A
X5 :;o_ 1 X3) V

FX13X53X3((4 X3)[8. 1] =, (48) A X =}, Aan(2 (& Xa)) A X1 =, 2 (& X5) A
Xz =), 4 X3)

_,Normalise

3X13X23X3(3 X3[3. 1] =5, (43) A X =5, Ma.(2 (L X3)) A X1 =5, 2 (1 X3) A
Xy ={,1X3)V
HXlﬂ;XgﬂXg(é X;[3. 1] :;U (
Xz =), 4 X3)

_,Dec-Fail

3X13X>3X5(4 X5[3. 1] =5 @3)NX =, Aa.(2(4 X3)) A X1 =, 2 (4 X3) A
Xo =\o 4 X3)

_,Dec-App

3X133(23X3(X3[§ T] :?Ao 3INX :?Ao )\A(g (é X3)) A X4 :?)\o 2 (é X3) A\

Xo o 4 X3)

_,Exp

3X13X23X3(X3[§ T] :;o_ 3INX :;o_ )\A(g (é X3)) A X4 :?)\or 2 (é X3) A\
Xo=3,4X3) AN X3=3,1V

3X13X23X3(X3[§ T] :?Ao 3INX :?Ao )\A(g (é X3)) A X4 :?)\o 2 (é X3) A\
Xo=3,4X3)ANX3=},3

_,Replace

3X13X3X5(1[3. 1] =5, 3A X ={, M.(2 (4 1)) A X1 ={,2(41) A

Xy ={, 41N X3={,1)V

3X13X,3X5(3[3. 1] =5, 8/ X =}, Aa.(2(43)) A X1 ={,2(43) A

Xy =}, 43N X3 =], 3)

_,Normalise

3X3X3XG(8 =5, BAX =5, M2 (@ V) AN =, 2(8 ) A X =}, 41N
Xz =), 1V

[
Jw

)AX =5, Aa(2 (& X3)) A X1 =, 2 (4 X3) A



52 F.L.C. de Moura, M. Ayala-Rincén and F. Kamareddine

3X13X53X3(3 =5, 3N X =5, M2 (43)A X1 ={,2(43) AN Xy =}, 43N
X3 =}, 3)
Then we have found two grafting solutions for the precooked problem

A (X[1]8) =3, Aa-2(43)
given by X +— A4.(2(41)) and X — A4.(2 (4 3)). In fact, both

Aa-(Aa2(41))[1] 38

and
Aa-(Aa.2 (4 3))[1] 3

reduce to A4.2(4 3). From these grafting solutions we can extract the solutions

that are the substitutions X/A4.(2 (4 1)) and X/A4.(2 (4 3)) which are those
computed by Huet’s algorithm.



